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Introduction

This textbook for the new Queensland Mathematics B Year 11 syllabus has been written to
develop the knowledge and skills required to handle the requisite computation and algebraic
methods and procedures for the course. It emphasises mathematical modelling and
problem-solving strategies and skills, the capacity to justify mathematical arguments and make
decisions, and the capacity to communicate about mathematics, including the writing of
reports.

In respect of the latter two capacities, communication and justification, we encourage
teachers to ask the following two questions:
B Did the student communicate what-they-did with the information given?
B Did the student justify why-they-did-it?
We have provided an example of how this can be done in practice with two problems which are
given under the title ‘Communication and Justification’ on the Teacher CD-ROM
accompanying this book, and on the companion websites. The solutions in many of the
examples in the textbook and the solutions to some of the worksheets on the teacher disk are
intended to model good communication and justification.

The Teacher CD-ROM and companion websites also provide a curriculum grid and teaching
program, as well as details of other resources.

About the authors

Joe Ousby has a double major in Pure Mathematics and Mathematical Statistics and a Masters
degree in Mathematics Education. Joe has spoken at state and national conferences, written
articles in QAMT Teaching Mathematics journal and currently teaches at Mount Alvernia
College.

Ray Cross is the Head of Mathematics C at St Margaret’s Anglican Girls School. He has
been a panel member in Queensland and has held a number of Head of Mathematics, Science
and School positions.

Rick Bowman teaches at Brisbane Girls Grammar School.
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Linear equations
The solutions to many problems may be found by translating them into mathematical
equations that may then be solved using algebraic techniques. An equation is solved by finding
the value or values of the unknowns that would make the statement true.

Consider the equation 2x + 5 = 7.

If x = 1, the true statement

21 +5=7

is obtained.
Therefore, the solution to the equation is x = 1.

In this case there is no other value of x that would give a true statement.

One way of solving equations is simply to substitute numbers into the equation until the
correct answer is found. This method of ‘guess and check’ the answer is a very inefficient way
of solving the problem.

There are a number of standard techniques that can be used for solving linear equations
algebraically. The method used in this book involves performing the same calculation to both
sides of the equation, producing a simpler equation. This process is repeated until a solution is

reached.

- [T

Solve the equation 3x + 7 = 19 for x.

Solution

3x+7=19 (-7
3x =12 (+=3)
x=4

Note: Here, 7 is subtracted from both sides of the equation. 3x + 7 subtract 7 gives 3x,
and 19 subtract 7 gives 12, producing a new simpler equation 3x = 12. Then both
sides of this new equation are divided by 3. Resulting in the final equation x = 4.

The solution, 4 in this case, can be checked by substituting the solution back into
both sides of the original equation to ensure that the left-hand side (LHS) equals the
right-hand side (RHS).

LHS =3(4)+7=19
RHS = 19

.*. solution is correct.
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-

Solve 6x +3 =2x — 7.

Solution
6x +3=2x—-17 (— 2x)
4x +3 =-7 (—3)
4x = —10 (=4
x=-2.5

- E=E

Solve 5(2x + 13) = 147.

Solution
5Q2x + 13) = 147
10x + 65 = 147 (— 65)
10x = 82 (= 10)

x =38.2
Example 4
X X
Solve — — 2 = —.
5 3
Solution
X X
37 2=3 (x 15)
?’Tix 30 _3 Nx
Y 3
3x — 30 = 5x (— 3x)
—30 = 2x (=2
—15=x
ie. x =—15

Note: When solving equations with fractions in them, multiply both sides of the
equation by a common denominator of the fractions.

When multiplying a fraction by a number, only the top line of the fraction gets

. X 15x
multiplied. In the example above, 15 x 3= 5
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- =]

x—3 2x-7 B
=
Solution

Solve

5.

x—3 2x—7
7 ¢ =5 (x12)

3 2
RE=3) “@x=7) _ 6
EN LN
3(x—3)—22x—7) = 60
3x—9—dx + 14 = 60

x+5 =60 (—5)
—-x = 55 x-1)
x = —55

Literal equation

An equation for the variable x in which the coefficients of x, including the constants, are
pronumerals is known as a literal equation.

Example 6

Solve ax + b = cx + d for x.

Solution
ax +b=cx+d (—=b)
ax =cx+d—>b (—cx)
ax —cx =d—b
(a—c)x=d-»b (+(a—v0)
d—>b
X =
a—c

Using technology

Linear equations can be solved using the graphics calculator. Students should be able to solve
equations both by hand and using forms of this technology.
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Solve 2.5(x + 7) = 8.

Solution
Using the TI-Nspire:

1 Press and select solve
from the Algebra menu.
2 Type2.5 X (x+7) =8,x)and

then press ..
3 To obtain a decimal answer while
in exact mode, press (o) Gy,
(11] RAD EXACT REAL ]
solve(E.S-(x+7)=8,x) x=ﬁ &
5
solve(z.s‘(x+7)=8,x) x="3.8
|
2:9;
Exercise Im
1 Solve:
a 2y—42=73 b 5t+4+23=17
d 19—x =235 26 —3y =38
2t t 1
&3 372
j Sy—=3=12 k 3x—-7=14
m 12x +72="7x n x—5=4x+10
P 2(»+6)=10 q 2x+4)=7(x+2)
-3 41
s 22 _¢ ¢ 2y
8 3
T+l PR
vV —+—= ==
5 3 W X+ 2x
4y -5 2y—-1 2(1 —2x)
2 6 y z f — 2x =

Using the ClassPad:
1 Select the appropriate mode.
From the Action menu select solve

from the Advanced submenu.
2 Type2.5 X (x+7) =8,x)and
then press @.

solve(2,Sx(a+7Ti=8, a) -~
{x=-3.8}
1]
-
Alg Decimal Real Rad ]

¢ léx —231 =157

f 42 -4y =31
. 3y 15
i = =—
8 28
I 26 -3y =38
0o 3x —27=18 —2x
r 2y+6=1-3(y—4)
2(5—
w 269,
3
Tx +3 9x — 8
X =
2 4
2 42 —-3x
2 4e-3w)

3



8 Queensland Mathematics B Year 11

2 Solve the following linear literal equations for x:

a ax+b=0 b ex+d=e c ax+b)=c d ax —b=cx
X x b

e —+—-=1 f 24220 g ax—b=cx—d p axt+c _
a b X x b

3 Solve, using the graphics calculator.

2x 4+ 12
a 02x+6=24 b 0.62.8—x)=486 ¢ =

6.5 d 0.5x —-4=10

1
e JG-10=6 f 64r+2=32-4

1.2 Factorising
Three different types of factorisation will be considered:
1 Removing the highest common factor.
2 Factorising trinomials.
3 The difference of two squares.

Removing the highest common factor (HCF)

Example 8

Factorise 10x2 + 15x.

Solution

10x% + 15x
=5x (2x +3)

Factorising trinomials

Step 1 Find the product of the number in front of x> and the constant term.

Step 2 Find all the factor pairs that give this product. Work up from 1 x ...then2 x ... etc.
Step 3 Find the pair that adds to the coefficient of the term in x (i.e. the number in front of x).
Step 4 Use this pair of numbers to complete the factorisation.

Example 9

Factorise x2 + 14x + 40.

Solution

/40
1 40
T
x2 4+ 14x + 40 2 20

— (x+4)(x + 10)

5 8

Note: The number in front of x> was 1 and this was multiplied by 40 to get 40.
To do step 4 (i.e. complete the factorisation), when the coefficient of x? is 1 simply
put the pair of numbers in brackets with x, as shown.
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Example 10

Factorise x2 — 18x + 45.

Solution
e 45
x2— 18x + 45 -1 —45
= (x— 3)(x — 15)
-5 -9

Note: When the constant term is positive and the coefficient of x is negative, both
numbers in the pairs will be negative.

- =

Factorise x2 — 8x — 20.

Solution
x2—8x —20 -1 20
= (x+ 2)(x — 10)
4 5

Note: When the constant term is negative one of the numbers in each pair will be
negative. Start by assuming the negative number is the smaller one, and if that doesn’t
work switch to the larger one being negative.

When the number in front of x? is anything but 1, step 4, the process of completing the
factorisation is more complex. The second line is created by simply using the pair of numbers
from step 3 to split the term x into two parts.

R i |

Factorise 6x2 + 13x — 15.

Solution
o~ -90
6x24 13x — 15 —1 90
=6x2—5x+ 18x — 15 -2 45

=x(6x—5)+3(6x—5) -3 30

=(x+3)6x —5)

—6 15
-9 10

Note: The contents of the two pairs of brackets in line 3 of the solution above must be

the same. If they aren’t, an error has occurred earlier.
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e

Factorise 3x2 — 17x + 10.

Solution
/v 30
3 — 17x+ 10 - —-30
— 32— 15x— 2+ 10
=3x(x—5)—2(x —5) -3 =10
=0CBx—-2)(x—9) -5 -6

Difference of two squares (DOTYS)

Factorising expressions such as x> — 9 can be done using the method for trinomials discussed
above. Example 14 shows this process. However, as shown in Example 15, there is a short-cut

using the special result x> — a> = (x 4+ a)(x — a).

Example 14

Factorise x2 — 9.

Solution

/4
x2-9 -1 9

= (x—3)(x+3) @

Factorise 4x2 — 49.

Solution
4x% — 49
=(2x) -7
=2x—-7)2x+7)

The next example shows the need to be mindful of always removing the highest common

factor whenever it is possible.
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Factorise 3x2 — 75.

Solution
3x2 =175
=3 (x2 —25)
—3(x2— )

=3 —5)(x+5)

1 Factorise:

a x2+43x
d 3x2—4x
g 6x2 — 15x

o 9-13| 2 Factorise:

x2 +10x + 24
x2—x—=30
x2—7x —18
5x% 4+23x + 12
m 6x2+19x —20

— e 2

EErrm 14,15 | 3 Factorise:

a x2—49
d 4x% -8l

4 Factorise:

1.3

5x2 —80

4x% 4 20x 4 24
5y% — 20y — 60
x3 —5x2 — 6x

-— e & ®

Solving quadratic equations

= e

=g = 7 F e T

¢

B e T

x2 —5x

5x2 —x

—x% —5x

x24+9x +38
x2—9x 420
x2 — 19x + 48
6x> —7x +2
15x2 — 11x — 14

x2—16
50x% — 98
6x% — 54

3x2+ 15x + 18
6x% 4+ 33x +45
5x3 — 16x2 + 12x

x2+x

f 5x%—15x

. )

—4x% + 16x

x> —11x + 24
x2—37x — 120
x245x — 84

5x% —19x + 12
15x2 +x — 14

1 —x2

f 4x?—36

— i O

8x2 — 50

2x2 — 18x + 28
12x2% + 26x — 56
48x — 24x% 4+ 3x3

Five methods of solution of quadratic equations are considered here:

1 Isolating x

2 Factorising

3 Completing the square
4 The quadratic formula
5 Using technology
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Isolating x
Isolating x is recommended whenever there is a term in x> but no term in x. This method is
consistent with the way linear equations are solved.

]

Solve 3x2 + 15 = 90.

Solution
3x24+15=90 (— 15)
3x2 =175 (=3)

x2 =25 (f)
x =45

Factorising
Factorising is recommended whenever there are terms in x as well as x2. This method uses the
null factor theorem. The null factor theorem states:
If ab = 0 then eithera = 0 or b = 0.
Step 1 Write the equation in the form ax? + bx + ¢ = 0.
Step 2 Factorise the quadratic expression.
Step 3 Use the null factor theorem; i.e. If ab = 0 then eithera = 0 or b = 0.

Example 18

Solve x2 —x = 12.
Solution
2—x=12 (- 12)
xX2—x—12=0
(x—4)(x+3)=0

/ \ (null factor theorem)

x—4=0 or x+3=0
x=4 or x=-3

Completing the square

Completing the square will work with all quadratic equations and depends on the result
(x + a)’ = x2 + 2ax + a®.

Step 1 Write the equation in the form ax? + bx + ¢ = 0.

Step 2 Divide both sides by the value of a.

Step 3 Rewrite the equation with a large gap after x.
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Step 4 Halve the coefficient of x, and square it.

Step 5 Add and subtract this square number in the gap after x.
Step 6 Group the first three terms together and factorise.

Step 7 Simplify the last two terms.

Step 8 Solve for x by isolating x.

Example 19

Solve for x by completing the square: x> + 12x + 14 = 0.

Solution

X2+ 12x+14=0
X2+ 12x +36-36+14=0
———— ————

(x + 6) —22=0 (+22)

(x+6>=22 Wa)

X +6=4/22 (— 6)
x=—6:|:«/2_2

x=—6—4/22 or —6++22
x ~ —10.69 or —1.31

Example 20

Solve for x by completing the square: 2x> — 18x + 10 = 0.

Solution
2x2—18x +10=0 (+=2)
x2—9%x+5=0
¥2 -9 +5=0

x2 —9x +2025-2025+5=0
—_— ——

(x —4.5) —1525=0 (+ 15.25)
(x — 4.5 =15.25 (V)
x —4.5=+/1525 (+4.5)
x =4.5+41525
x =4.5—+/1525 or 45+ 15.25
x ~ 0.59 or 8.41

Quadratic formula

The quadratic formula will work to solve all quadratic equations. It is particularly useful
when the factorising is difficult and is usually more efficient than completing the square. The
quadratic formula states that:

—b+ Vb —4dac

Ifax>+bx +c=0 then x =
2a
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- [

Solve 5x? — x — 13 = 0 using the quadratic formula.

Solution

5x2—x—-13=0
a=>5 b=-1

—b+ Vb? —4dac
2a

c=-—13

—(—1) £ 1P =4 x5 %13

2x5

1+ 4261
10

1—m0r1+m
10 10

~ —1.516 or 1.716

Using technology

[

Solve 2.4x% — 1.3x — 18 = 0.

Solution
Using the TI-Nspire:

1
2

Select solve from the Algebra menu.
Type 2.4x> —1.3x—18 = 0, x) then

press or (@) ¢&n), depending on

the type of solution required.

)

RAD EXACT REAL il

[\®]

3

solve(2.4-x2—1.3-x—18=0,x)

. {[17449-13) | 17aas+13
- or x=
48

48

solve(2.4-x2—1.3-x—1a=o,x)
x=-2.48113881305 or x=3.02280547971

=

2199 |

Using the ClassPad:

1 From the Action menu select solve

from the Advanced submenu.
Type 2.4x*-1.3x-18 = 0, x)
then press @o.

| ¥ Edit Action Interactive —|

S O ] A R mind I X
solve(2,.4a"2-1.3a—-13=0r~
{x=-2.481138813,x=3.822»
[u]

Ala Decimal Real Rad qm)
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Exercise Ig

1 Solve the following by isolating x:
a 2x>2—18=0 b 5x2—-180=0 c 3x2-180=12 d 4x2=1
e 16=x> f x?=0.0625 g 15x2-372=0 h 23x2=0
Emrmis| 2 Solve each of the following by factorising:
a x?—6x+8=0 b x*—8x—33=0 ¢ x2+5x—-14=0
d x(x+12)=64 e 2x°+5x+3=0 f 4x>2—8x+3=0
g x?>=5x+24 h 6x2+13x+6=0 i 2x°—x=6
3 Solve by completing the square.
a x>+8x+3=0 b x*—12x+8=0 ¢ x2—6x—-30=0
d 2x2+4+10x =13 e 3x2+15x =14 f 2x(x +10)=70
Emrmei| 4 Solve for x using the quadratic formula.
a 2x>+5x+3=0 b 4x?—8x+1=0 ¢ x>—x—-33=0
d 13x2+5x =14 e 3x(x+12)=064 f 02x2—1.4x—-3.5=0

5 Use the graphics calculator to solve each of the following equations. Give your answer
correct to 2 decimal places.

a x2—4x-3=0 b 2x?=4x 42 ¢ 3x?2—-7=2
6 Solve:
a x24+9x+8=0 b x>4+8x—-33=0 ¢ x(x —3)=28
d x> —4x—-14=0 e 2x2+5x+1=0 f 4x24+8x+3=0
g x>’=6x+16 h 6x2—13x+5=0 i 2x2—x=9
j 6x2415=23x k 2x2-3x—-9=0 1 10x>—11x+3=0
m 12x24x=6 n 4x?+1=4x 0 3x(4—x)=2x
1 3
p ¥ =x q xX>+8=-15 ro5x2=1lx -2
7 The bending moment, M, of a simple beam used in bridge construction is given by the
/
formula M = w—x — Kx2.
2 2

If/ =13, w = 16 kg per m and M = 288 kg m, calculate the value of x.

8 Calculate the value of x. X cm

6 cm Area = 30 cm?

4+—T7cm —
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9 The height, &, reached by a projectile after ¢ seconds travelling vertically upwards is given
by the formula 4 = 70¢ — 16¢%. Calculate ¢ if & is 76 m.

10 Solve for x if 4x2 + (m — 4)x —m = 0.

Graphing linear and quadratic functions
on the number plane

Functions of the form y = mx + ¢ and ax + by = c are said to be linear because they form a

straight line when graphed on the number plane. Functions of the form y = ax? + bx + c are

said to be quadratic. The fundamental method, which works when graphing all functions, is to

make a table of values. The table can be constructed by hand or using the graphics calculator.

Step 1 Create a table of values.

Step 2 Plot the points found in the table on the number plane.

Step 3 Join the dots. Do this freechand when the points are not in line. Use a ruler if they are
in line.

- [EmE

Graph accurately on the number plane:

a y=2x+3 b y=x>-2x
Solution
a y=2x+3 b y=x*-2x
x| —2|-1(0]1]2 x| =2 |—-1]0] 1 |2
y|—=1] 1 [3]|5|7 y| 8 3 /]0]—-11]0
A
Ak 717
6- 6-
54 yoEes 54 y=x2—2x
4 4

Note: Quadratics are symmetrical around the turning point. In part b it was possible to
plot the points (3, 3) and (4, 8), without having calculated them in the table.
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Using technology to create tables of values
and to graph relations
Creating tables of values and sketching relations using a CAS calculator.

Using the TI-Nspire:
1 Select the Graphs & Geometry application.

2 Type 2x + 3 into f1(x) then press .

3 Type x*—2x into £2(x) then press Giry.
(This will graph both functions.)

2 RAD EXACT REAL |
13.2 Y
f2(;() =x2 -2x
x
-20 2 20
f1(x)=22+3

»® Al

S

By pressing then selecting Window you

are able to set the boundaries of the graph.
To insert a table of values press (o) (T).

2 RAD EXACT REAL |
13.291 { ¥ x  [F1(x):. ¥ |f2(x):
2RCEIIXA2=
0 3] 2

2 " 1 5.

-20 20 2 7.

2 Q.

flx

a1 U
A% |

To edit the table settings press and
select Edit Function Table Settings from
the Function Table submenu. Here you are
able to change the starting value of the
table and the increments.

Using the ClassPad:
1 Select the Graphs and Tables

application by tapping on &@ .
2 Type 2x 4+ 3 into y1 and press .

3 Type x*—2x into 2 and press .
4 Tap to sketch the two functions.

[~ Edit_Zoom fnalysiz ¢ )|
e [ ER ] g [Um[ER]

Sheeti [ Sheet2 [ Sheet3 ][4 »

4 >
/\./
w
L
Rad Real  @w _

To set the boundaries of the graph
(i.e. the Window settings) tap [EF].

|V Edit T-Fact Graph 4 IZ]I
] ] I

/
4 >

/\./

v
L
Rad_Real G

To edit the table settings tap [H].

Mastering these procedures is a worthwhile exercise.
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1 Graph accurately on the number plane:

a y=3x+2 b y=4-2x c 3x+2y=20
d y=x>-3 e y=x—1)x-3) f y=3x—x2
2 Use the graphics calculator to graph on the number plane:
a y:%x%—l b y=-2-x ¢c 5x4+2y—-10=0
d y=23x(x+2) e y=(x+2?>-3 f y=5-—2x2

1.5 More on graphing linear functions
Although a table of values will always produce accurate graphs, it can be tedious at times. Two
more efficient methods are discussed below.
B Using the gradient and y-intercept for linear functions.
B Using the x- and y-intercepts for linear functions.

Using the gradient and y-intercept for linear functions

y=mx-+c

When a linear equation is written in the form y = mx + ¢, the gradient is the value m and the

y-intercept is the value c. When graphing equations of this form, follow these steps:

Step 1 Identify the gradient and y-intercept of the linear equation; that is, find the value of
m and c¢. This may involve first expressing the equation in the form y = mx + c.

Step 2 Express m as a fraction.

Step 3 Plot the y-intercept.

Step 4 Starting at the y-intercept, use the gradient to plot further points.

Step 5 Use a ruler to draw the line.

Example 24

Graph accurately on the number plane:

ayzgx—l b 2x+y=3
Solution
a y:zx—l b 2x+y=3 (= 2x)
3\ \ y=—2x+3
2 l \
Lm=7 c=-1 m= =2 c=3

»—l|l\)
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y
2 1
y=ox—
3
T T T * T T >
2 4 5 6 7 x
. Rise
Note: Gradient = m = ——.
Run

2
In part a of Example 24, m = 3 Hence, run = 3 and rise = 2. The points are then

plotted starting at —1 on the y-axis, then going 3 to the right and 2 up, then 3 to the
right and 2 up again, etc. Similarly, in part b, the run = 1 and the rise = —2. Therefore,
the points are plotted starting at 3 on the y-axis then going 1 to the right and 2 down,
then 1 to the right and 2 down again, etc.

Run=1

2 Rise =—2 Rise =2
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Using the x- and y-intercepts for linear functions
To graph a linear function using the x- and y-intercepts, follow these steps:
Step 1 Find the y-intercept by letting x = 0 and solving for y.

Step 2 Find the x-intercept by letting y = 0 and solving for x.

]

Graph accurately on the number plane:

a 2x+3y=15 b x—-3y=6
Solution
a 2x+3y=15 b x—-3y=6
x=0 - 3y=15 (+3) x=0. 3y=6 (= 3)
L y=35 y=-2
i.e. y-intercept is 5. i.e. y-intercept is —2.
=0 .. 2x=1 =2
y CL2x 5 (+2) =0 L x=6
wx=75
i.e. x-intercept is 7.5 i.e. x-intercept is 6
A y

4+ 2x+3y=15

Special cases

Example 26

Graph on the number plane:
a x=3 b y=-2



Solution
y
34 x=3
2,
1,
330 | 13 b3 6 ogq
_1,
) y=-2
_3,
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Note: On x = 3 all of the points have an x coordinate of 3. On y = —2 all of the points

have a y coordinate of —2.

Sketching

Sketching is distinct from graphing accurately and will be the most common technique you will
use later in the course. When graphing accurately, use graph paper or at least make sure that the
axes and points are drawn properly to scale. When sketching, use a ruler to draw any straight
lines and estimate where the points should be. There is no need to draw properly to scale.

e

Sketch on the number plane:

a y=3x—-1 b x—-2y=5
Solution
a y:?lx—l
m = c=-—1

b x—-2y=5
x=0 . .-2y=5
Ly=-25
y:O JoXx =

(+~-2)

Note: When sketching straight lines always give at least two points.
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4

Use the gradient and y-intercept method to graph these equations accurately on the number

plane:
3 1
a y:Zx—i-Z b y=5x—2 c y=2x+1
1
d y=3x-2 e y=—-2x+4 f y=—=x

2

Use the x- and y-intercept method to graph these equations accurately on the number
plane:

a x+2y=4 b 3x+y=6 ¢c 2y—3x=9
d 4y —-2x=9 e x=4y—4 f 5x-2y+4+12=0

Graph accurately on the number plane:

a y=6 b y=4x-3 c x—y=
d 2x—y=0 e x=—-4 f 2y =3x
g x=0 h x+y=3 i y=0

Sketch on the number plane:

a y=3x—-4 b y=—-4x—-4 ¢c 3x—-2y=9
d y=3—4x e 2x+y=-7 f 2x —=5y+10=0
3
1 3
j x:§y+4 k y=2x-5 1 y=Zx+2

1.6 More on sketching quadratic functions

Two methods for sketching quadratic functions are treated in this section.

B Using the x- and y-intercepts for sketching quadratic functions.
B Using the turning point form for sketching quadratic functions.

Using the x- and y-intercepts for sketching quadratic functions
Step 1 Find the y-intercept by substituting x = 0 into the equation.

Step 2 Find the x-intercepts by substituting y = 0 into the equation, and then solving the

resulting quadratic equation.

Step 3 Find a third point if the parabola passes through the origin; that is, through the point

(0, 0).

Step 4 Use the points found to sketch the curve.
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Sketch on the number plane:

a y=x>—-2x—-38 b y=3x—x?

Solution
a y=x>—-2x-38
x=0 .y=-8
i.e. y-interceptis (0, —8).
y=0 .0=x>—2x—38

xX2—2x—8=0
x+2)x=4)=0
l null factor theorem

x+2=0 or x—4=0
x=-2o0r x=4

i.e. x-intercepts are (—2, 0) and (4, 0).

\s .

y=3x —x?

x=0 . y=0
i.e. y-interceptis (0, 0).
y=0 ..0=3x—x?
3x—x2=0

x3—-—x)=0

l \ null factor theorem

x=0 or 3—x=0
x=0 or x=3

i.e. x-intercepts are (0, 0) and (3, 0).
x=1 y=3x1-1?
=2

(1,2)

y=3x—x2

Note: A sketch does not have to be drawn properly to scale.
The point (1, 2) was found in part b because the graph passed through the origin.

Using the turning point form for quadratic functions

y=a(x—h?+k

When a quadratic equation is written in the form y = a(x — h)? + k, the turning point of the

parabola is (%, k).

Step 1 Find the turning point by expressing the equation in turning point form by completing

the square.

Step 2 Substitute x = 0 into the equation to find the y-intercept.
Step 3 Find a second point if the turning point is on the x-axis.

Step 4 Use the points found to sketch the curve.
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Example 29

Express the following in the form y = a(x — &)? + k and, hence, sketch the curve.

a y:x2_6x_|_11 b y=2x2+10x+7

Solution

a y:x2_6x+11 b y:2x2+10x+7
y=x?—6bx 43 =3 411 y=2(x2+5x)+7

= (=3 +2 =2(x245x +2.5—2.5%) +7
— 2

. turning point is (3, 2). —2((x+2.53 6.25)+ 7
Whenx =0, y = 11. =2(x+25)—-12.5+7

_ 2
.. y-intercept is 11. =2(x+25°-55

.. turning point is (—2.5, —5.5).
Whenx =0,y =7.
.. y-intercept is 7.

y=2x2+10x+7 7

(3.2

(—2.5,-5.5)

Note: It is not necessary to show x-intercepts when using the turning point method to
sketch, unless asked to do so.

1 Use the x- and y-intercept method to sketch the curves of the following:
a y=x2+6x+38 b y=x?>—4x+3 ¢ y=x>—-3x-10
d y=x>+4x e y=2x>—x-3 f y=8—2x?

2 Express each of the following in the form y = a(x — h)* + k and, hence, sketch the curve:
a y=x>+2x+5 b y=x*>—4x+6 c y=x*-3x+5

d y=x>+6x e y=2x2—4x+9 f y=3x2+6x—1
g y=x>+6x+9 h y=3x>—-9x+38 i y=09x—2x?
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3 Sketch the following parabolas, showing the turning point and all points of intersection
with the coordinate axes.

a y=-2x>+38 b y=2x—-2)(x+3) c y=2x—-2P%+3
d y=x>—6x+8 e y=x>2-3x—-10 f y=x>-5x
g y=2x>+4x h y=2x*-5x—-12 i y=23x—3x?

Sketch the following parabolas. State the exact coordinates of the turning point and all
points of intersection with the coordinate axes.

a y=4x?—3x b y=3x2-38 ¢ y=3x2-5x+1

1.7 Simultaneous equations
A linear equation that contains two unknowns; for example, 2y + 3x = 10, does not have a
single solution. Such an equation actually expresses a relationship between pairs of numbers,
x and y, that satisfy the equation. If all the possible pairs of numbers (x, ) that will satisfy the
equation are represented graphically, the result is a straight line. Hence, the name linear
relation.

If the graphs of two such equations are drawn on the same set of axes, and they are not
parallel, the lines will intersect at one point only. Hence, there is one pair of numbers that will
satisfy both equations simultaneously.

Finding the intersection of two straight lines y
can be done graphically; however, the accuracy
of the solution will depend on the accuracy
of the graphs.

Alternatively, this point of intersection may

be found algebraically by solving the pair s 1
of simultaneous equations. \4 i

Three techniques for solving simultaneous
equations will be considered: substitution and
elimination, both of which are algebraic
methods; and graphical, using the
graphics calculator.

Substitution

Step 1 Make y the subject of one of the equations.

Step 2 Substitute for y in the other equation.

Step 3 Solve the resulting equation for x.

Step 4 Substitute the resulting value of x back into either equation, to find the value of y.
Step 5 Check by substituting into the other equation.
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Example 30

Solve the equations 2x — y = 4 and x + 2y = —3 by substitution.

Solution
2x —y=4......... (1) = y=2x—4
X+2y=-3....... 2)
Substituting (1) into (2) gives:
x+22x—-4)=-3
X+4x —-8=-3
5x —8=-3 (+ 8)
5x =5 (+5)
x=1

Substituting x = 1 into equation 1:

y=2()—4
=-2
Checkinequation2: LHS =(1)+2(-2)= -3
RHS = -3

Sox=landy = -2

Note: This means that the point (1, —2) is the point of intersection of the graphs of the
two linear relations.

(e

Solve algebraically the equations y = 5x —4 and y = 3x + 7.
Solution
Equating y =5x —4andy =3x + 7:

5x —4=3x+7 (+4)
5x =3x+11 (—3x)

2x =11 (+=2)
x=255
Substituting into equation 1 gives:
y=5(055 -4
=235

Check in equation 2: y=3(55)+7=235
c.x=55and y =23.5
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Solve algebraically the equations y = x> — 3 and y = 2x + 5.

Solution
Equating y = x> —3and y = 2x + 5:
x2—3=2x+5 (-=5)
x2 -8 =2x (— 2x)
x2—2x—-8=0
x—Hx+2)=0

/ l (null factor theorem)

x—4=0o0rx+2=0
Sx=4 or x=-2
Substituting x = 4 into equation 1 gives y = 13, and substituting x = —2 into
equation 1 gives y = 1.
c.Whenx =4,y =13 and whenx = -2,y = 1.

Note: The graphs of y = x? — 3 and y = 2x + 5 intersect at two points, (4, 13) and

Elimination

Step 1

Step 2
Step 3
Step 4
Step 5

Step 6

Compare the coefficients of x and compare the coefficients of y in each of the equations.
If either the x coefficients are equal or the y coefficients are equal or they are the
opposites of each other, then go to step 3.

Create a new pair of equations so that either the x coefficients are equal or the y
coefficients are equal. Do this by multiplying at least one of the equations by a number.
Add or subtract the pair of equations to eliminate one of the variables.

Solve the resulting equation.

Substitute the resulting value back into either of the original equations to find the
value of the other variable.

Check by substituting both the x and y values into the other original equation.
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- [EmmeE]

Solve by elimination the equations 2x 4+ 5y = 7 and 2x + 2y = 1.

Solution
2x +5y=T......... (1)
2x4+2y=1......... 2)
H—-@ 3y=6 (+3)
y=2
Substituting y = 2 into equation 2 gives:
2x4+22) =1
2x+4=1 (—6)
2x = -3 (+=2)
x=-1.5

Check in equation 1:  2(—1.5)+52)=7V
Sox=—15andy =2

Note: Step 2 was skipped because the coefficients of x were equal. In step 3 subtracting
the equations resulted in x being eliminated because the coefficients of x were equal.

Example 34

Solve by elimination the equations 2x 4+ y = 11 and 3x 4+ 2y = 14.

Solution
2x4+y =11......... (1)
3x4+2y=14......... 2)
(1) x2 4x+4+2y=22......... 3)

(3) — (2) gives x = 8.
Substituting x = 8 into equation 1:

2®)+y =11
164+y=11 (- 16)
y=-=5

Check in equation 2:  3(8)+2(—5) =14V
S.x=8andy =-5

Note: In step 2, doubling equation 1 made the coefficients of y equal. This resulted in y

being eliminated in step 3 when the equations were subtracted.
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)

Solve by elimination the equations 2x — 3y = —22 and 5x + 2y = 2.

Solution
2x =3y =-22....(1)
Sx+2y=2....... (2)
(1)yx2 4x — 6y = —44.. 3)
2)x3 I5x+6y=6....... 4)
(3)+(4) gives 19x = -38 (=19
x=-2
Substituting x = —2 into equation 2 gives:
5(=2)+2y=2
—10+2y =2 (+ 10)
2y =12 (+=2)
y=06

Check in equation 1:
Sox=-2andy =06

2(=2)—3(6) = —22 v/

Note: In step 2, doubling equation 1 and trebling equation 2 made the coefficients of

y the opposites of each other. This resulted in y being eliminated in step 3 when the

equations were added.

Using technology

Note: Write each of the equations with y as the subject before using the graphics calculator.

Example 36

Use the graphics calculator to solve the equations 2x — y = 4 and x + 2y = -3.

Solution

X+2y=-3....

Using the TI-Nspire:
1 Select the Graphs & Geometry
application.

= y=2x—4
N 1 3
= ——Xx — —
YT T2

Using the ClassPad:

1 Select the Graphs and Tables application
by tapping on

Graph&iTab. °
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2 Type 2x—4 into f1(x) then press Gy, 2 Type 2x—4 into y1 and press €.
3 Type—0.5x—1.5into f2(x) then Type —0.5x—1.5 into 2 and

press Gn. press @ .

i 4 Tap to sketch the two functions.

w

12 RAD EXACT REAL
1300 1V ¥ _Edit_Zoom Analysis ¢ _69]|
R o oD |
i e Sheetl [ Sheet2 | Sheet3 [|4]»
WiiEE flx)=2-4
2 x
-20 20
k
13429

To calculate the point of intersection
press and select Intersection Point(s)

from the Points & Lines submenu. Rad Real @
f ; 3?;{,5 | RAD_EXACT REAL s To calculate the point of intersection
y .
%i: gqggmype » tap Analysis and select Intersect
: Wi y
A, 5: Trace of, . from the G-Solve submenu.

« 6: Points & Lines| « 1: Point
& 7: Measurement |-—2: Point On
8: Shapes
9: Construction |~ 4: Line
.-* A: Transformation{ — 5: Segment

-~ 6: Ray Mi
7% 7: Tangent —[ntercept
fr-Sivects [ineerecce” )
13429 § x-Cal
Inflecti
1 nrilection
Move the cursor to the point of L Bol i

nffixiidx

intersection to display its coordinates.

12 RAD EXACT REAL il
X 13.29 {7V

f2(x)=-5%-1.5

flx)=2x-4
2 xX
-20 ;é 20
(1<)
* \
-13/29
Point of intersection is (1, -2).

4 ;} >
e A ’yc=_lgtersec.t.

wl=2-x-4 H
Rad Real &

Point of intersection is (1, —2).
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1 Solve the following by substitution:

[Example k]|

a y=2x+1
y=3x+2
d x+y=6
x=y+10
2 Solve algebraically:
a y=3x+2
3x+y=28
d t=35+7
s=2t—-9
g y=2x+4
y=x>+1
J y=3x+2
y=x>-38

b y=5x-4
y=3x+6
e y=x+1
x+y=7

b 2x—-5y=10
4x +3y =17

e 2p+5+3=0
Tp—2¢—-—9=0

h y=2-2x
y=x>—1

k y=x*+2x—4
y=x?—2x

3 Solve the following by elimination:

a O6x+2y=14

2x 42y =2
d 2x+4y =26

2x+y=17
g Sx+3y=19

x+y=3

b 2x 43y =20

x—=3y=1
e 3x+2y=8
x—y=26
h 2x+3y=0
S5x =2y =19

4 Solve the following using technology:

1.8

a y=2x
y=3x—-2

d y=2x+5
y=x2+2x

b 3x+y=4
y=6—x
e x+2y=>5
y=x*-3

The discriminant

When graphing quadratics it is apparent that the number of x-axis intercepts a parabola may

have is:

i zero — graph is either all above or all below the x-axis.

y=2-3x
y=5x+10
xX—2y=6
x+6y=10

7x — 6y =20
3x+4y =2

2x —4y+12=0
2y 4+3x—-2=0
y=2x4+2
y=1-—x?

y = 2x?
y=3x —x2

S5x +2y =14
3x =2y =18
2x+3y=9

2y —x =—1
Sx+2y+16=0
4x —3y—1=0
3x+y=28
x+2y=16
y=5—x?

y=3x>-2x+1

ii one — graph touches the x-axis; turning point is the x-axis intercept.

or iii two — graph crosses the x-axis.

1XJ

0
)
a
O
5
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By considering the formula for the general solution to a quadratic equation,
ax? + bx + ¢ = 0, it can be established whether a parabola will have zero, one or two x-axis
intercepts.

The expression b> — 4ac, which is part of the quadratic formula, is called the discriminant.

i Ifthe discriminant, b> — 4ac < 0, then the equation y
ax? + bx + ¢ = 0 has zero solutions and the \ /

corresponding parabola will have no x-axis intercepts.

-
O
7))
-
O
e
X
LL]

- x
i If the discriminant > — 4ac = 0, then the equation
ax? + bx + ¢ = 0 has one solution and the
corresponding parabola will have one x-axis intercept.
(We sometimes say the equation has two coincident solutions.) —>

iii If the discriminant b> — 4ac > 0, then the equation
ax? + bx + ¢ = 0 has two solutions and the
corresponding parabola will have two x-axis intercepts.

\
;

Note: Discriminant is denoted by the symbol A.

(e

Write the discriminant of each of the following quadratics and state whether the graph of each
crosses the x-axis, touches the x-axis or does not intersect the x-axis.
a y=x>—6x+8 b y=x>-8x+16 c y=2x>—-3x+4

Solution
a A=05b*>—4dac
= (=6 — (4 x 1x28)
=4
As A > 0, the graph intersects the x-axis at two distinct points.
b A =>b>—4ac
= (-8 —(4x1x16)
=0
As A = 0, the graph touches the x-axis at one point.
¢ A=0h>—dac
= (=3 -4 x2x4)
=-23
As A < 0, the graph does not intersect the x-axis.
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The discriminant can be used to assist in the identification of the particular type of solution
for a quadratic equation. Assuming a, b, ¢ are rational and A > 0:

1XJ

B If A = b — 4ac is a perfect square, which is not zero, then the quadratic equation has two
rational solutions.

B If A = b> — dac = 0, the quadratic equation has one rational solution.

B If A = b> — 4ac is not a perfect square, then the quadratic equation has two irrational
solutions.

1 Determine the discriminant of each of the following quadratics:

0
o)
2
O
5

a x242x—4 b x2+2x+4 c x2—4
d 2x%+3x e —2x>+3x+4

2 Without sketching the graphs of the following quadratics, determine whether they cross or
touch the x-axis.
a y=x>—5x+2 b y=—-4x*+2x—1 c y=x>—6x+9
d y=28—3x—2x? e y=3x>2+2x+5 f y=-x>-2x-1
3 By examining the discriminant, find the number of roots of:
a x>+8x+7=0 b 3x2+8x+7=0 ¢ xP—4x+4=0
d 2x>2+8x—-7=0 e 4x?2—12x+9=0 f 10x>—x+3=0

4 By examining the discriminant, state the nature and number of roots for each of the

following:
a 9x2—-24x+16=0 b —x2=5x—-6=0 c x2—x—-4=0
d 25x2 —20x+4=0 e 6x>—3x—-2=0 f x24+3x+10=0

Find the discriminant for the equation 4x2 + (m — 4)x — m = 0, where m is a rational
number and, hence, show that the equation has rational solution(s).

Find the values of m for which the equation 3x? — 2mx + 3 = 0 has:

a one solution b no solution ¢ two distinct solutions
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1.9 More on points of intersection
To find the point or points of intersection between a straight line and a parabola, solve the
equations simultaneously, as discussed earlier in this chapter.
It should be noted that depending on whether the straight line intersects, touches or does not
intersect the parabola, two, one or zero points of intersection occur, respectively.

/ \

y y‘/ y
LN

Two points of intersection ~ One point of intersection ~ No point of intersection

-
O
7))
-
)
-+
X
LLl

If there is one point of intersection between the parabola and the straight line then the line is
a tangent to the parabola.

Example 38

Show that the straight line with the equation y = 1 — x meets the parabola with the equation

y = x% — 3x + 2 once only.

Solution
At the point of intersection: Alternatively:

x2=3x+2=1-x x?=3x+2=1-x

x2—2x+1=0 x2=2x+1=0

x—17%=0 A = b* —dac
sx=1 =(=2—-4x1x1

There is only one solution to the =0
pair of equations. .". There is only one solution to the pair
.". The straight line just touches of equations.
the parabola. .. The straight line just touches the parabola.

1 Show that, for the pairs of equations given, the straight line is a tangent to the parabola.

a y=x>—6x+38 b y=x>-2x+6
y:—2x+4 y:4x—3
¢ y=2x>4+11x +10 d y=x2+7x+4

y=3x+42 y=—x—12
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a Find the value of ¢ such that y = x + ¢ is a tangent to the parabola y = x> — x — 12.

b Find the values of m for which the straight line y = mx — 3 is tangent to the parabola

1XJ

y = 2x% 4 5x.
¢ Find the value of ¢ such that the line with equation y = 2x 4 ¢ is a tangent to the
parabola with equation y = x? + 3x.

a Solve for a such that the line with equation y = x is tangent to the parabola
y=x>4ax +1.
b Solve for b such that the line with equation y = —x is tangent to the parabola with

0
5
2
O
5

equation y = x> +x + b.
¢ Solve for ¢ such that the line with equation y = 2x + ¢ intersects twice with the
parabola y = x? + 3x.

1.10 Finding the equation of a straight line

The equation of a straight line can be found if the gradient, m, and y-axis intercept are known.

Example 39

Find the equation of the straight line with m = —3 and ¢ = 10.

Solution

y=-3x+10 (y=mx+c¢)

Example 40

Find the equation of the straight line with gradient —3 that passes through the point (=5, 10).

Solution
y=mx+c¢
y=-3x+4c (gradient given as —3)
Whenx = -5,y =10 (given that coordinate (—5, 10) lies on the line)
10=3x-5+c¢
10=15+c¢ (—15)
c=-5

The equation of the line is y = —3x — 5.

In general, the equation of a straight line can be determined through two ‘independent pieces
of information’. Two cases will now be considered.
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Case 1: Given any two points A(xi, y;) and B(x2, y5)
Using these two points, the gradient of the A

line AB can be determined: Y

Y2 =0
m =
X2 — X1

Using the general point P(x, y), also on the line,
A (xp, 1)

B (x3,¥2)

m = LN -~ >
X — X /O x
Therefore, the equation of the line is
y—yr=m(x —x;), wherem = 2N
X2 — X1

Example 41

Find the equation of the straight line passing through the points (1, —2) and (3, 2).

Solution
m— Y2—=n
X2 — X|
_2—(=2)
o3-1
4
)
=2

y—yi=m(x —xi)
m = 2 and the line passes through (1, —2).
Sy—(=2)=2(x-1)
Ly+2=2x-2 (-2
Sy=2x—4

Case 2: Given the gradient m and one other point, A(xy, y;)

As the gradient, m, is already known, the rule can be found using:

y =y =m(x —x1)
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Example 42

Find the equation of the line that passes through the point (3, 2) and has a gradient of —4.

Express the answer in general form.

Solution
y=—yi=m(x —xi)
m = —4 and the line passes through (3, 2).
y—2=—-4(x-3)
y—2=—4x+ 12 (+2)
y=—-4x+14
y = —4x + 14 is the equation.

In general form, thisis 4x +y — 14 = 0.

Example 43

Find the equation of the line shown in the graph. v
\

Solution X
N °

y-intercept is (0, 4); that is, ¢ = 4.
Ais (0,4) and Bis (2, 0).

Gradient m = 2N
X2 — X1
~0-4
S 2-0
4
2
=-2
.". The equation of the line is y = —2x + 4. (y=mx+c)

Vertical and horizontal lines

If m = 0, then the line is horizontal and the equation is simply y = ¢, where c is the y-axis
intercept. Note that the equation of a horizontal line is in the form y = mx + ¢, however,
m = 0. If the line is vertical, the gradient is undefined and its rule is given as x = a,
where a is the x-axis intercept. Note that the equation of a vertical line is not in the form

y =mx +c.
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Example 44

Find the equation of the line passing through:

a (2,5 and (4,5)

Solution
4 Gradient m = 222" b Gradient m = 222"
X2 — X1 X2 — X1
_5-5 22—
T 4-2 - 3-3
0 3
) 0
=0 = Undefined
.". The equation of the line .". The equation of the line
isy=>5. (y=o) isx = 3. x=a)

b (3, 1)and (3,-2)

1 a Find the equation of the straight line with gradient 3 and y-axis intercept 5.
b Find the equation of the straight line with gradient —4 and y-axis intercept 6.

¢ Find the equation of the straight line with gradient 3 and y-axis intercept —4.

2 Find the equation of the straight line with:
a gradient 3 and which passes through the point (6, 7).

b gradient —2 and which passes through the point (1, 7).

3 Find the equation of the straight line with:

a y-intercept 6 and passing through the point (1, 8).

b y-intercept —2 and passing through the point (4, 8).

4 Find the equation of each of the following lines. Express the answer in general form.

a b c
y y y
4 34 2
3 ‘ - —— -2 14
: 14 \ ™0 T >
1 |‘ T T T -2 11_ 1 2 *
. . 3 2 -1 0 ™Y )
-2 ?/1 Ol 1 2% TN
d e f
Yy y Yy
2 44 4
—_—
14 3 34
| = 2] 2]
_,}E'/l/é 37 e 11
_2_ T T T |x‘ T 0 T |x
-2 -1 1 2 -2 -1 1 2
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o 40-24) 5 Find the equation of the line that passes through the pair of points:

a (0,4),(6,0) b (=3,0),(0,—-6) c (2,6),(53)
d (-2,3),(4,0) e (1,0),(4,2) f (3,0),(,5)
g (—1.5,2),(45,98) h (2,5),3,95 i (=3,1.75),(4.5,-2)

Do the points P(1, —3), Q(2, 1) and R(Z%, 3) lie on the same straight line?

Find the equations defining each of the three sides of the triangle ABC, where coordinates
of the vertices are 4(-2, —1), B(4, 3) and C(6, 0).

1.11 Determining quadratic equations
It is possible to find the quadratic rule to fit given points. Although the general form of a
quadratic equation is y = ax? + bx + c, there are two other forms that can be useful to find
the equation of a quadratic. These are:
B The x-intercept form y = a(x — e)(x — f'), where e and f are the x-intercepts.
B The turning point form y = a(x — ) + k, where (, k) is the turning point.

Example 45

Determine the quadratic rule for each of the graphs, assuming each is a parabola.
a b

]
(8,17)
(6,5)
-
Solution
a yv=a(x—e)(x—f) b y=a(x —h?+k
e=-1,f=2 Turning point is (6, 5).
Sy=alx——-1)(x—-2) Sy=akx -6 +5
ie.y=ax+1)(x—-2) The graph also passes through (8, 17).
The curve also passes through (0, —3). S 17=a@—-67+5
S.=3=a(0+4+1)(0—-2) S 17=4a+5 (-5
ie. =3 =—-2a (=-2) o 12 =4a (-4
c.a=1.5 c.a=3

Sy=15x+ DK —2) Sy =3(x—67+5
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Using technology

Example 46

Find the equation of the parabola passing through the points (1, 5), (4, —4) and (8, 12).

Solution
Using the TI-Nspire: Using the ClassPad:
1 Press @ and enter into the 1 Enter into the Statistics application.
Lists & Spreadsheet application. 2 Type the x coordinates 1, 4 and 8 into
2 Type the x coordinates 1, 4 and 8 list1.
into the first column. 3 Type the y coordinates 5, —4 and 12
3 Type the y coordinates 5, —4 and 12 into list2.

into the second column.

¥ Edit Calc SetGraph

(PR Ve e [ (]

listl [listz |lists |~

RAD APPRX RECT

1 5
4 -4
g 12
==l

(O N B G D = 0D 00 =0 0 O s ) D =

1t 1t et s et et s

i|—
[
=
-

4 To highlight both columns move the
cursor to the extreme top of column A
until it is highlighted. Press and hold
the key, then press the right arrow 4 To perform a Quadratic regression

Deg HAuto Decimal i)

key. on the data, enter into the Calc menu
5 To perform a Quadratic regression on and then tap Quadratic Reg.
the highlighted data, press and v EaiH setoroon

One-Variable

navigate as follows: 4:Statistics, 1:Stat T vanane

Iculations, 6: ratic Regression. Linear Rea
Calculations, 6:Quadratic Regressio Linesr Reg
= Action: — RECT | ubic Reg
1: One-Variable Statistics Quartic Reg

Logarithmic Reg
Exponential Reg

:

OO0 s GO = 3 D 00 = O O B G B = -

2: Two-Variable Statistics
3: Linear Regression (mx+b) fions...

) 2
4: Linear Regression (a+bx) A ngu’éf.oﬂigt‘al Res
edian-Median Line ntervals... Sinusoidal Reg

Ladrati N 1 Logistic Reg
7: Cubic Regression ; Test
8: Quartic Regression 1 E;,"te",val,
9: Power Regression 1 D;g;’gg;'f“’“
A:Exponential Regression 1
B: Logarithmic Regression l:a; I
s

C:Sinusoidal Regression
D:Logistic Regression (d=0)

Deg HAuto Decimal (D]
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6 Press twice. 7 Ensure the following is set:
XList: list] and YList: list2.
Tap OK.

RAD APPRX RECT

B3 f

Stat Calculation

|
N
=QuadReg(a[l
1. S.[Title..|Quadratic Reg.. 822‘1;?3?&?
4| -4.Reg..|a*x"2+b*+c 'g :_8
8 12.1a 1 ?! :}2
f MSe =
_ : | 12. R
D3 | =1.0000000000002
Cancel
|

Deg Auto Decimal [am]

Thus, the equation of the parabola is y = x? — 8x + 12.

Exercise Ila

[Ezmmes| | Determine the equation of each of the following parabolas:

b c
y
/‘\ W \ l/(4 )
ol X

770 X

e f
L5 , .
6
(=3,0) (1, 0) &2
4 ol Y x ol

2 Find the equation of the parabola with:
a x-intercepts 2 and —4 and passes through the point (3, 10).
b x-intercepts 0 and 4 and passes through the point (1, 12).
¢ x-intercepts 2 and 5 and passes through the point (0, 8).

3 Find the equation of the parabola with:
a vertex at (—1, 2) and passes through the point (3, 10).
b vertex at (2, 3) and passes through the point (4, —3).
¢ vertex at (0, 0) and passes through the point (3, 12).

41
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4 Find the equation of the parabola passing through the points:
a (—1,2),(1,4)and (2, 1)
b (—2,5),(0,3)and (2, 3)
¢ (—2,30),(1,—3)and (4, 36)

WMAPg

5 Assuming that the suspension cable shown in the diagram forms a parabola, find the rule
that describes its shape. The minimum height of the cable above the roadway is 30 m.

180 m

1.12 Modelling and problem solving

MAPg

1 Produce these screens using the graphics calculator.

Using the TI-Nspire

Using the ClassPad
a e RAD EXACT REAL | [~ _Edit Zoom Analysiz ¢ _BJ]
g EE&[E}E-E-%[}

Racl Real
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b _i?] RAD EXACT REAL [~ W _Edit Zoom Analysis ¢ X))

¥

\\

T x
p——

~~—
[

Rad Real

2 The correct conversion formula for degrees Celsius to degrees Fahrenheit is
F = §C + 32. The Celsius scale for measuring temperature was adopted in Australia in

the 1970s. At that time the public were advised to use the method ‘Double it and add
thirty’ to make conversions of degrees Celsius to degrees Fahrenheit. Although the
method was only approximate, it worked reasonably well. Actually, it works correctly for
one particular value of C.

a Draw accurate graphs of the conversion formula and the method the public were
advised to use on the same set of coordinate axes. Hence, find the values of C and F
for which both methods give the same answer.

b At what temperature do both the Celsius and Fahrenheit scales give the same value?

3 In the television program South Park, Timmy and

Phillip, look like this picture. Using the relations

32 32 e o
=5 y=-5y=-—-—30 and y=230— —
y=35y =33 and y 55

a Draw a neat, accurate picture of a ‘Canadian’ on grid paper.

b Produce the image of a ‘Canadian’ on your graphics
calculator screen.

-3
4 A polygon with 7 sides has % diagonals. How many sides has a polygon with 65

diagonals?

5 Solve for ¢:
a—t at+b
a =C b =

b—t ct—b

1
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6

7

10

11

12

13

14

[Extension]ja

a b a+b
Solve + = for x.
xX4+a x—-b x+c

Tom leaves town A and rides at a constant speed towards town B. Julie leaves town B at
the same time that Tom leaves town 4, and travels towards town A. Julie rides at a speed
that is 5 km/h faster than Tom. Town B is 100 km from town 4. They meet after 4 hours.
How far has Julie travelled at the time that they meet?

For a particular electric train the tractive ‘resistance’, R, at speed, V' km/h is given by
R =1.6+0.03V 4 0.003V2. Find V when the tractive ‘resistance’ is 10.6.

The perimeter of a rectangle is 16 cm and its area is 12 cm?. Calculate algebraically the
length and width of the rectangle.

The altitude of a triangle is 1 cm shorter than the base. If the area of the triangle is
15 cm?, calculate the length of the base algebraically.

A farmer has 60 m of fencing with which to construct existing fence
three sides of a rectangular yard connected to an existing t
fence. If the width of paddock is x m and the area inside x

+

the yard is 4 m?, sketch the graph of 4 against x.

The efficiency rating, E, of the particular spark plug
when the gap is set at x mm is said to be 400(x — x?2).
Determine the values of x for which the efficiency
rating is 70 or better.

A piece of wire 12 cm long is cut into two pieces. One piece is used to form a square
shape and the other to form a rectangle shape of which the length is twice its width. Find
the length of the side of the square if the combined area of the two shapes is 4.25 cm?.

A shape that has been of interest to architects and - 1
B

P
—1 — x—ple—— X —>»| I
x

artists over the centuries is the ‘golden rectangle’. Many
have thought that it gave the perfect proportions for
buildings. The rectangle is such that if a square is

drawn on one of the longer sides then the new rectangle l

is similar to the original; that is, rectangle ABCD is
similar to rectangle APQOD. Find the value of x. (This
is known as the ‘golden ratio’.)

D C 0

a For what value(s) of m does the equation 2x? + mx + 1 = 0 have exactly one solution?
For what values of m does the equation x> — 4mx + 20 = 0 have real solutions?

¢ Show that there are real solutions of the equation 4mx? + 4(m — 1)x +m — 2 = 0 for
all real values of x.
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The pastry cook has decided to cook an octagonal
cake, however, he only has a square cake tin,
which is 24 cm x 24 cm x 7 cm. He has

decided to cut four rectangular pieces of cardboard,
one for each corner, in order to make the interior
of the tin octagonal. He wants the cake to be a
regular octagon, and so the pieces of card must

be just the right length.

Find the size that each piece of cardboard must
be to have the cake turn out as a regular octagon.

Using a square sheet of paper:
B Choose a point, P, on the top edge.
B Join P to the bottom right-hand corner.

B Create a 45° triangle in the top left-hand corner, using P.
What position, of the original point P, will make the area

of the quadrilateral a maximum?

45
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Chapter summary

B An equation is solved by finding the value or values of the unknowns that will make the
statement true.

B When solving equations, perform the same calculation to both sides of the equation.

B An equation for the variable x in which the coefficients of x, including the constants, are
pronumerals is known as a literal equation.

When solving equations with fractions in them, multiply both sides of the equation by a
common denominator of the fractions.

When multiplying a fraction by a number, only the top line of the fraction gets multiplied.
When factorising, remove the highest common factor whenever it is possible.

The null factor theorem states: If ab = 0 then eithera = 0 or b = 0.

When solving quadratic equations:

If x appears once, then use the isolating method of solution.

If x appears twice, then write the equation in the form ax? + bx + ¢ = 0 and use
either factorising or the quadratic formula.

—b+tb?—4
B The quadratic formula states: If ax? + bx + ¢ = 0, then x = > ac'
a

B The fundamental method that works when graphing all functions is to make a table of
values.

B Functions of the form y = mx + ¢ and ax + by = c are said to be linear.

B Functions of the form y = ax? + bx + ¢ are said to be quadratic.

B When graphing linear equations in the form y = mx + ¢, the gradient is m and the
y-interceptisc.

| Gradient:m:wzyz_yl.

Run X2 — X1
B To find the y-intercept, let x = 0 and solve for y.

To find the x-intercept, let y = 0 and solve for x.

B Lines of the form x = c are parallel to the y-axis, and lines of the form y = c are parallel to
the x-axis.

B The line x = 0 is the y-axis, and the line y = 0 is the x-axis.

B To find the equation of a straight line use y — y; = m(x — xy).

B When a quadratic equation is written in the form y = a(x — e)(x — f), the x-intercepts are
eandf.

B When a quadratic equation is written in the form y = a(x — h)? + k, the turning point is
(h, k).

B Discriminant A = b? — 4ac.

B If A > 0, then the quadratic equation has two solutions and the parabola crosses the x-axis
in two places.

B If A =0, then the quadratic equation has one solution and the turning point of the parabola
is on the x-axis.
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B If A < 0, then the quadratic equation has no solutions and the parabola does not cross the
X-axis.

B [fthere is one point of intersection between a parabola and a straight line then the line is a
tangent to the parabola.

Multiple-choice questions

1 The solution of the equation x — 8 = 3x — 16 is:

8 11
A x=—§ B x=? C x=4 D x=2 E x=-2
2 The solution of the simultaneous equations 2x — y = 10 and x + 2y = 0 is:
A x=-2andy=3 B x=2andy= -3 C x=4andy=-2
D x=6andy=2 E x=1landy=-8
h k
3 Ifd= W then:
w
k ht +k A -2k
Ry Y= R

Ah 2

4 The gradient of the line passing through the points (5, —8) and (6, —10) is:

1 1 1
A =2 B —— C - D —— 3
2 2 18 2
5 The equation of a straight line with gradient 3 and passing through the point (1, 9) is:
A y=x+9 B y=3x+9 C y=3x+6
1 1
D y:—gx—l—l E y=—§x+6
6 The relation with graph as shown has rule:
1
A y=-3x-3 B y:—gx—?)
1
C yzgx—f} D y=3x+3
E y=3x-3

7 The linear factors of 12x? 4 7x — 12 are:
A 4x —3and3x + 4 B 3x—4and4x+3 C 3x—2and4x+6
D 3x+2and4x—6 E 6x+4and2x —3
8 The solutions of the equation x> — 56 = x are:
A x=-8or7 B x=—-7o0r8 C x=7o0r8 D x=-9o0r6
E x=9o0r—-6
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9 The equation y = 5x*> — 10x — 2 in turning point form y = a(x — h)* + k, by completing the
square, is:
A y=0Bx+1724+5 B y=0Gx—1»-5 C y=5x—-1>-5
D y=5x+17%-2 E y=5x—-1>-7
10 The value(s) of m that will give the equation mx?> + 6x — 3 = 0 two real roots is (are):
A m=-3 B m=3 C m=0 D m>-3 E m< -3

Short-response questions

1 Solve: 3

a 2x+6=8 b 3-2x=6 ¢ 2x+5=3—x d ;x=6
13 3 2 4-
e Z=4 P 110 g P2 TTY_ g
3 4 5 2
2 Solve each of the following for :
t+b
a a—t=>b b at + =d ¢ a(t—c)=d
C

3 Factorise:
a 4x —8 b 3x?+8x ¢ 24ax — 3x
d 36—x? e x> +x—12 f x24+x—2
g 2x24+3x—2 h 6x24+7x+2 i 6x2—13x —15

4 Solve:
a 2x? =50 b x*-33=0 ¢ 2(x*+12)=122

5 Solve for x by factorising:
a x’4+x—-12=0 b x>+ 1lx+24=0 ¢ x(x —5)=66
d 2x2—13x+15=0 e 6x?+7x =20 f 2x2=x+6

6 Use the quadratic formula to solve:
a x2—6x+3=0 b 2x24+7x+4=0 ¢ 3x24+9%x —1=0

7 Create a table of values and, hence, graph accurately on the number plane:
a y=3x+4 b y=x>-5x+2 ¢ 2x—3y=7

8 Use the gradient and y-intercept method to graph accurately on the number plane:

1 3

ay=§x+3 b y=4x -2 cy:zx

9 Use the x- and y-intercept method to graph accurately on the number plane:
a x—2y=6 b 3x+y=9 ¢c 5x+2y—14=0

10 Sketch on the number plane:
a y=3x—6 b y=-2x+3 ¢ 3x—-5y+30=0

11 Sketch the graphs of each of the following:
a y=2>+3 b y=2(x—-4)?-3 c y=0B—-x)(x+2)
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15

16
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22

Express in the form y = a(x — h)?> + k and, hence, sketch the graphs of the following:
a y=x>—4x -5 b y=23x—x> ¢ y=2x>—8x+3
Sketch the graphs of each of the following, showing all points of intersection with the
coordinate axes and the turning point:

a y=x>—Tx+6 b y=4x*>-25 c y=6x>—13x -5

Solve each of the following, using substitution:

a y=2x+4 b y—x=5 c x—-3y=1
y=3x+5 x=3—y x + 6y =10

Solve each of the following, using elimination:

a 6x+3y=12 b 5x+2y=16 ¢ 3x+6y=0
2x+3y=2 xX—y=6 S5x—4y—-7=0

Solve algebraically:

a y=2x+5 b 2x—5y=10 ¢ y=x>+2x-9
4x +y=28 2y —4x =4 y=2x-x

Solve the following, using technology:

a y=2x b y=x>—2x+5 c 4x+y=8
y=3x -2 y=2x —x? x—3y=16

Find the coordinates of the points of intersection of the graphs with equations:
a y=2x+3andy=x>b y=>5xr+12andy =2x>

By examining the discriminant, state the nature and number of roots for each of the

following:

a x?—4x+2=0 b —x?4+6x—9=0 ¢ 3x?—x+4=0

Show that, for the pairs of equations given, the straight line is a tangent to the parabola.

a y=x242 b y=4x?—8x
y=-2x+1 y=12x =25

Find the equation of each of the following parabolas:
b
A \

a
\ y [ y y (12)
—4 2 /\

X

(1-3) f

Find the equation of the parabola:

a with x-intercepts —1 and 3 and passes through the point (0, —4).
b with vertex at (3, 2) and passes through the point (4, 0).

¢ passing through (0, —7), (1, 0) and (3, 32).
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21 Defining sine, cosine and tangent

In Year 10 mathematics, the basic definitions of the sine, cosine and tangent ratios of an angle
within the context of a right-angled triangle were introduced:

ino opp [ opposite

sm= —( —
hyp \ hypotenuse hypotenuse oot
adj adjacent

cosf= — | ———
hyp \ hypotenuse 5
opp [ opposite adjacent

tan 0 = —— | —
adj \ adjacent

Students will have also studied Pythagoras’ theorem in previous years and are reminded of it
here: ‘In a right-angled triangle the square on the hypotenuse is equal to the sum of the squares
on the other two sides.’

a* =b*+ ¢
In the context of the triangle above:

Hypotenuse® = Opposite® + Adjacent®

Degrees, minutes and seconds

Students will be aware that hours are broken into minutes and seconds when smaller divisions

, % minute = 30 seconds. The

same convention is used when measuring angles. Fractions of a degree can be written in

and more accuracy is needed. For example, % hour = 15 minutes

minutes and seconds in the same way that fractions of an hour can be written in minutes and
seconds.
2}‘ h =2:15 h (Read as 2 hours 15 minutes.)

2}‘0 = 2° 15" (Read as 2 degrees 15 minutes.)
1:46:23 h (Read as 1 hour 46 minutes 23 seconds.)

1° 46’ 23" (Read as 1 degree 46 minutes 23 seconds.)
It is worth noting that 2.41 cm rounds off to 2 cm because 0.41 < 0.5; however, 2:41 hours
rounds off to 3 hours because 0:41 > 0.5h. 2° 41’ also rounds off to 3° for the same reason.

- [EEm .

Find the value of x, correct to 2 decimal places.

80 cm
X cm

29.6°
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Solution

sing = 22

hyp
X
in29.6° = —
sin %0

x = 80sin29.6°
=39.5153...
C. x=~3952cm
Find the length of the hypotenuse, correct to 2 decimal places. B
15° V_‘
A 10 cm C
Solution

di

cosO = a9

hyp
10
cos 15° = —
AB

10 = AB cos 15°
10
AB =
cos 15°
= 10.3527...

The length of the hypotenuse = 10.35 cm, correct to 2 decimal places.

- A

Find the magnitude (i.e. size) of ZABC.

Give your answer correct to the nearest minute.

11 cm
C
B 3cm
Solution
Letx = ZABC
opp
tan = ——
an ad;
) 11
anx = —
3
_1 (11)
X = tan —
3
x = 74.74488 . ..
x & 74°45

ZABC = 74° 45', correct to the nearest minute.
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Using technology

Note: On CAS calculators decimal degrees can be readily converted to degrees, minutes and

seconds.

Using the TI-Nspire: Using the ClassPad:

1 Set to Degree and Approximate mode. 1 Set to Decimal and Degree mode.

2 With 74.7448813 . . . on the screen enter 2 In the Main screen go to the Action
into the catalog by pressing . menu and select the toDMS command

from the Transformation submenu.

Interactive (X!
UELE" =pprox
dvancd simplify
Calcula expand
Complel factor
i List=Cr4 rFactor
List-Cal] factorOut
A Matrix-| combine
Matrix—| collect

3 Ensure you are in submenu 1.

4 Press (D) then scroll down and L Edit

press on »DMS.

Vector
. tExpand
qufﬁ.‘g' tCollect
Commar] expToTrig
trigToExp
toFrac
propFrac
dms
dotP( o toDMS
A [ use Wizard
r Expr PDMS ] ﬁ]
Ala Decimal Real Deg {m)
5 Press G, 3 Now type 74.744881296942 followed
by ) then press .
B | DEG APPRX REAL i y) press €&
(74.744881296942)p DMS 0 [B¥_Edit_Action Inter:

74°44'41.5726689912" O O o] % L P

| toDMS(74.744881296942) |+
dms(74,44,41.57266899)

v
FTlg Decimal Real Deg g

Note: When rounding to the nearest minute recall that there are 60 seconds in a minute.
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Using the TI-Nspire: Using the ClassPad:
1 Set to Degree and Approximate mode. 1 Set to Degree and Decimal mode.
2 Type 74 then press (e (7). 2 Tap Action and select dms from the
3 Type 44 then press (7). Transformation submenu.
4 Type 41.5726689912 then press (7) twice. e Edit_fiction Interactive
R 1O ] P i
S Press . ame 2
(1] DEG APPRX REAL ]
74°44'41.5726689912" 747448812969 2
d
1199 i
Ala Decimal Real Deg gul

3 Now type 74,44,41.5726689912) and
then press €.

[ Edit Action Interactive X}

o 1 ] Pl el
dms(74,44,41. 572665991 2|4

T4.7448813
|

41

Ala Decimal Real Deg gul
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Exercise m

1 Find the value of x in each of the following:

a b c
10 cm,
X cm
5cm % X cm
20.16°
35° 8 cm
X cm
d e f
xcem 10 em 10 cm
o ’ x° o
30° 15 [— 15 cm 40
7 cm X cm

2 An equilateral triangle has perpendicular height of length 20 cm. Find the length of one
side.

3 The base of an isosceles triangle is 12 cm long and the equal sides are 15 cm long. Find
the magnitude of each of the three angles of the triangle.

4 A pole casts a shadow 20 m long when the angle O
of elevation of the sun is 49°. Calculate the height of the pole.

pole

49° H

5 This figure represents a ramp. Find the: A

a magnitude of ZACB 6m
b distance BC

C B
6 This figure shows a vertical mast PQ,

which stands on horizontal ground. A straight P
wire 20 m long runs from P at the top of the

mast to a point R on the ground, which is

10 m from the foot of the mast.

Calculate the: 20 m

a angle of elevation of the wire to the ground, 6
b height of the mast

10 m Q
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7 A ladder leaning against a vertical wall makes an angle of 26° with the wall. If the foot of
the ladder is 3 m from the wall, calculate the:

a length of the ladder b height it reaches up the wall

8 An engineer is designing a straight concrete entry ramp, 60 m long, for a car park 13 m
above street level. Calculate the angle of the ramp to the horizontal.

9 A vertical mast is secured from its top by straight cables 200 m long fixed at the ground.
The cables make angles of 66° with the ground. What is the height of the mast?

10 A mountain railway with a straight track rises 400 m at a uniform slope of 16° with the
horizontal. What is the distance travelled by a train for this rise?

11 The diagonals of a thombus bisect each other at

B C
right angles.
If BD = AC = 10 cm, find the:
a length of the sides of the rhombus
b magnitude of ZACB
A D
12 A pendulum swings through an angle of 30°. i
If the pendulum is 90 cm long, what is the l{)v
distance x cm between its highest and lowest point?
90 cm 90 cm

<

=
<]
B8

A picture is hung symmetrically by means of a string
passing over a nail with its ends attached to two 105°
rings on the upper edge of the picture. The distance +«—30cm—»

between the rings is 30 cm and the angle between
the two portions is 105°. Find the length of
the string.

NP

14 The distance 4B = 50 m. If the line of sight of a
person standing at 4 to the tree makes an angle
of 32° with the bank, how wide is the river?

~ 32° ~~
B < 50 m > A
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15 A ladder 4.7 m long is placed against a wall. The foot of the ladder must not be placed in
a flowerbed, which extends a distance of 1.7 m from the foot of the wall. How high up the
wall can the ladder reach?

16 A river is known to be 50 m wide. A swimmer B
sets off from A to cross the river and the [ 1
path AB of the swimmer is as shown. How s - S
far does the person swim? Assume there 50 m ~~ ~
is no current. l - AR
~ 60°
™

The sine rule
In Section 2.1, methods for finding unknown lengths and angles for right-angled triangles were
discussed. This section and the next will deal with methods for finding unknown quantities in
triangles that are not right angled.

The sine rule is used to find unknown quantities in a triangle when one of the following
situations arises:
B one side and two angles are given
B two sides and a non-included angle are given.

Labelling convention

The following convention is followed B
in the remainder of this section.
Interior angles are denoted by
uppercase letters and the length of the
side opposite an angle is denoted by the 4 C

corresponding lowercase letter. For example:
The magnitude of angle BAC (£B AC) is denoted by A.
The length of side BC is denoted by a, as it is the side opposite £ A (or (£BAC).

The sine rule states that for triangle ABC: B
C a
a b G
sind sinB sinC
A 5 C

A proof will be given only for the acute-angled triangle case. The proof for obtuse-angled

triangles is similar.
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Proof
h
In triangle ACD, sin4 = 7
h=bsinA
h
In triangle BCD, sinB = —.
a
h=asinB
bsin4 =asinB
a b
Hence, =

sind sinB’

A

Similarly, starting with a perpendicular from 4 to BC would give:

b <
sinB  sinC

Example 4

Use the sine rule to find the length of 4B, B
to 2 decimal places.

70°
[
31°
4 10 cm ¢
Solution
b _ c 3
sin B sin C
10 < 70°
sin70°  sin31° .
10sin31° = ¢sin70°
10sin31°
€= 31°
sin 70° y c
10 cm
c=54809...

The length of 4B is 5.48 c¢m, correct to 2 decimal places.

Note: In practice, only two angle-sided pairs are required to form the equation. In this
case, the third pair; that is, £ A4 and side a, are not required.

- ] ,

Use the sine rule to find the magnitude of ZXZY in the triangle,

given that /Y = 63°, y =5cmandz = 5.5 cm.

5 cm,

5.5cm
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Solution a b

sin A sin B
5 5.5

sin63°  sinZ
5sin Z = 5.5sin 63°
5.5sin 63°
5
=0.938....

sinZ =

Z =sin 1(0.98...)
Z = 78.55° or 78° 33' 9"

1 Find the value of the pronumeral for each of the following triangles:
b A

a Y
70° 65°
X cm ycm
500 370
X z

10 cm

6 cm

Z d 12 cm

Y X
38°
X cm
5.6 cm X cm
90°,
28° 100° Z
X

2 Find the value of 6 for each of the following triangles:

(v
Y

A4

b
C
72°
7 cm
9.4 cm
42°

0 B
8 cm B C 8.3 cm
10 cm
cm
108° 0
A B

v

a
A
¢ C
8




Chapter 2 — Trigonometric ratios and applications 61

3 Solve the following triangles (i.e. find all sides and angles):

a a=12,B=59°,C =73° b A=753°b=25.6, B =48.25°
¢ A=1232°a=115,C =37° d B =140°b=20,4 =10°

4 Find all sides and angles in a triangle ABC having B = 129°, b = 7.89 cm and
c =4.56 cm.

5 A landmark, 4, is observed from two points, B and C, which are 400 m apart. The
magnitude of Z4BC is found to be 68° and the magnitude of ZACB is 70°. Find the
distance of 4 from C.

6 P is apoint at the top of a lighthouse. Measurements
of the length of 4B and angles PBO and PAO are
taken, and are as shown in the diagram. Find the
height of the lighthouse.

A<+—34m— B

7 A and B are two points on a coastline. They are 1070 m apart. C is a point at sea. The angles
CAB and CBA have magnitudes of 74° and 69°, respectively. Find the distance of C from A.

wAPs 8 Find the distance: Y

a AX b AY

o 1
s 200~

2.3 The cosine rule
The cosine rule is used to find unknown quantities in a triangle when one of the following
situations arises:
B two sides and an included angle are given
B three sides are given.
The cosine rule states that for triangle ABC,

B
a’? = b? 4 ¢* — 2bc cos A or, equivalently,
P g ) a
cosd= 2t @ c
2bc
4 c

b
The result will be proved for an acute-angled triangle. The proof for obtuse-angled triangles
is similar.
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Proof
In triangle ACD: c
b* = x? + h?* (Pythagoras’ theorem)
cos A = % and, therefore,x = bcos 4. 5
h
. ——x —>[ |v
In triangle BCD: 4 D
a*=(c—x)? +h? (Pythagoras’ theorem)
Expanding gives:

a* = —2ex +x% + h?

=c? —2cx + b (asx* + h* = b?)
a* =b*+¢* —2bccos A (asx = bcos A)

The student should note that a is opposite 4 in the triangle and that a? and cos 4 appear at

opposite ends of the formulae. The first formula reads ‘a®> = ......

formula reads ‘cos 4 =...... — a®’. Noting this may aid in memorising and using the

formulae.

cos A’ and the second

For triangle ABC, find the length of 4B in centimetres,
correct to 2 decimal places.

5cm
C
A
Solution
c? =a’ 4+ b* —2abcos C
=52410> -2 x5x 10 x cos67°
~ 85.9268. .. V)
L e~ 9.269...

~ 9.27
AB = 9.27 cm, correct to 2 decimal places.
Note: C = 67°. Also AB is the side ¢. Therefore, the formula reads c¢2 = ... .. .. cosC



Chapter 2 — Trigonometric ratios and applications 63

- EXDR ;

Find the magnitude of ZABC for triangle ABC. 6 cm 12 cm

15 cm
Solution

2., .2 2
a“+c-—b
cosB=————

2ac
1224615
T 2x12x6
~ —0.3125 (cos™h
B ~ 108.2099...
~ 108°
ZABC =~ 108°
Note: B is the angle being sought. Therefore, the formula readscos B = ... ... — b2
1 Find the length of BC.
B
10 cm
15°
4 15cm ¢

2 Find the magnitude of angles Z4BC and ZACB.

B

4 10 cm ¢

3 For triangle ABC with:

S0 -0 2 6 T8

A =60°5b=16,c =30, find a.

a =14, B =53° ¢ =12, find b.

a =27,b =35, ¢ = 46, find the magnitude of angle Z4BC.
a =17, B =120°, ¢ = 63, find b.

a=31,b=142,C = 140°, find c.

a =10,b =12, ¢ =9, find the magnitude of angle /BCA.
a=11,b=9,c=43.2° find c.

a =28,b=10,c =15, find the magnitude of angle ZCBA.
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4

A section of an orienteering course is

B
as shown. Find the length of leg 4B.
4 km
20°
A

6 km ¢
Two ships sail from point O. At a particular time their N
positions 4 and B are as shown. Find the distance
between the ships at this time. 4

B
6 km
4 km
30°
o
ABCD is a parallelogram. Find the B 5cm c
length of the diagonals:
a AC
b BD 4 cm
48°
A D

A weight is hung from two hooks in a ceiling by strings of length 54 cm and 42 cm, which
are inclined at 70° to each other. Find the distance between the hooks.

For the diagram opposite:

a Find the length of chord BD.

b Use the sine rule to find the length of CD.

Two circles of centre O and O’, and radii 7.5 cm and 6 cm, respectively, have a common
chord AB of length 8 cm. Find the magnitude of each of the following angles:

a AO'B b AOB

Two straight roads OA4 and OB intersect at O at an
angle of 65°. A point 4 on one road is 90 m from
the intersection and a point B on the other road is
70 m from the intersection, as shown on the diagram.

a Find the distance of 4 from B.
b Cis the midpoint of AB. Find the distance of
C from the intersection O.
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24 Angles of elevation and depression
and bearings

The angle of elevation is the angle between
the horizontal and a direction above the horizontal.

e

angle of elevation

eye level

The angle of depression is the angle eye level
between the horizontal and a direction below

angle of depression

the horizontal.
cliff

Example 8

The pilot of a helicopter flying at 400 m X

observes a small boat at an angle of H 1.2° (angle of depression)
depression of 1.2°. Calculate the horizontal

distance of the boat to the helicopter. 400 m

A—I B

(diagram not to scale)

Solution
As /XHB = /HBA (alternate angles: Z rule)
opp
tan® = —
an ad)
AH
tan1.2° = —
AB
400
tan1.2° = —
AB
400
AB =
tan 1.2°
AB ~190958... (= 1000)
=19.0958...
~ 19

The horizontal distance is approximately 19 km.

Note: The distance is rounded to the nearest kilometre because of the context of the

question.
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Example 9

The light on a cliff-top lighthouse, known I

to be 75 m above sea level, is observed

from a boat at an angle of elevation of 7.1°.
Calculate the horizontal distance of the 75 m
boat from the lighthouse.

Solution

opp
adj
75
AB
75

AB =
tan71°
~ 602.135...

~ 600

tan6 =

tan7.1° =

The distance of the boat from the lighthouse is approximately 600 m.

Example 10

From point 4, a man observes that the angle of

elevation of the summit (A) of a hill is 10°. "
He then walks towards the hill for 500 m along
flat ground to point B. The summit of the hill is
now at an angle of elevation of 14°.
Find the height of the hill above the level of AB.
10° 14° [ ] .

+«—500m——B

Solution

/HBA = (180 — 14)° = 166° (straight angle)
/AHB = 180° — (166 + 10)° = 4° (angle sum of triangle)

Using the sine rule in triangle ABH:

a b
sind sinB
500 HB

sin 4° sin 10°

500 x sin 10°
sin 4° y

~ 1244.67 ... +«——500m—>p

HB =
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In triangle BCH:
sing = L2
hyp
HC
sin14° = —
HB
HC = HBsin 14°
~301.11...
~ 300

The height of the hill is approximately 300 m.

Bearings
The true bearing is the direction measured N
from north (N) in a clockwise sense, where

north is taken as 0°.
The bearing of 4 from O is 030°.
The bearing of B from O is 120°.

30°

The bearing of C from O is 210°. - o\ \ |2 .
The bearing of D from O is 330°. w 330 E
The compass (or conventional) bearing 210° 2

is measured with reference to the axes: N or

S first, then E or W. C
For example, the above four bearings using this notation are:

The bearing of 4 from O is N30°E.

The bearing of B from O is S60°E.

The bearing of C from O is S30°W.

The bearing of D from O is N30°W.
During this chapter, unless otherwise stated, assume that when a bearing is required, it is

understood to be a true bearing.
Magnetic bearings vary from true bearings, depending on time and location. They will not

be considered in this chapter.

o .

The road from town A runs due west for 14 km to town B.
A television mast is located due south of B at a distance
of 23 km. Calculate the:

a distance AT

23 km
b true bearing of the mast from the centre of town 4
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Solution

a By Pythagoras’ theorem

AT? = AB*> + BT?

= 14% 4237
=725
AT = /725 (—+/725 is excluded since AT is a distance.)
AT ~ 26.925. ..
~ 27
AT is approximately 27 km.
b tan6 = % (using tan® = ZL;;) ’ e
(23 2 :
0 = tan (ﬁ) (90° - )
0 ~ 58.67° T
True bearing = 180 + (90 — )
~211.33
~ 211

.". The bearing of the mast from the centre of town is approximately 211° T.

oo 2 ]

A yacht starts from a point 4 and sails on a bearing of

038°T for 3000 m. It then alters its course to one in a
direction with a bearing of 318°, and after sailing for 3300 m
it reaches a point B. Find the:

a distance 4B

b bearing of B from 4

Solution
a /NAD = ZACD (alternate angles)
ZACB = 180° — (38 +42)° (straight angle)

= 100°

c* =a* + b* —2abcos C
= 30007 4 3300% — 2 x 3000 x 3300 x cos 100°
~23328233.92...(/)

c~482993... (= 1000)
~ 4.82993 ...
~ 4.8

The distance 4B is approximately 4.8 km.
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b a c
sind _ sinC
3300  4829.9...
sind _ sin100
3300 x sin 100
4829.9...
sin 4 &~ 0.6728 . ... (sin™h)
A=~ 42.288. ..
True bearing = 360° — (4 — 38)°
~ 355.71...
~ 356°

sin4d =

The True bearing of B from A is approximately 356°T.

Exercise 2B

From the top of a vertical cliff 130 m high the angle of depression of a buoy at sea is 18°.
What is the distance of the buoy from the foot of the cliff?

The angle of elevation of the top of an old chimney stack at a point 40 m from its base is
41°. Find the height of the chimney.

A man standing on top of a mountain observes that the angle of depression to the foot of a
building is 41°. If the height of the man above the foot of the building is 500 m, find the
horizontal distance from the man to the building.

A woman lying down on the top edge of a vertical cliff 40 m high observes the angle of
depression to a buoy in the sea to be 20°. Calculate the distance between the buoy and the
foot of the cliff directly below the woman.

A person standing on top of a cliff 50 m high is in line with two buoys, whose angles of
depression are 18° and 20°. Calculate the distance between the buoys.

The bearing of a point, 4, from another point, B, is 207°. What is the bearing of B from 4?
A ship sails 10 km north and then 15 km east. What is its bearing from the starting point?

A ship leaves port 4 and steams 15 km due east. It then turns and steams for 22 km due
north.

a What is the bearing of the ship from port 4?7
b What is the bearing of port 4 from the ship?

A yacht starts from point 4 and sails on a bearing of N35°E for 2000 m. It then alters its
course to one in a direction with a bearing of N40°W and, after sailing for 2500 m, it
reaches point B. Find the:

a distance 4B b bearing of B from A4, to the nearest degree
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10 The bearing of a ship, S, from a lighthouse, 4, is NS5°E. A second lighthouse, B, is due
east of 4. The bearing of S from B is N58°W. Find the magnitude of ZA4SB.

11 A yacht starts from L and sails 12 km due east to M. It then sails 9 km on a bearing of

S38°E to K. Find the magnitude of /MLK.

12 As shown in the diagram, the bearing of C from A is 035°.

The bearing of B from A is 346°. The distance of
C from 4 is 340 km. The distance of B from
A'is 160 km. B
a Find the magnitude of ZBAC.
160 km

b Use the cosine rule to find the distance from B to C.

13 From a ship, S, two other ships, P and Q, are on
bearings 320° and 075°, respectively. The distance 3467
PS = 7.5 km and the distance Q.5 = 5 km.

Find the distance PQ.

Definition of a radian
Consider the circle centre O and radius 7 shown at right.
Suppose radii OA4, OB are drawn so that the arc AB is equal
in length to the radius, 7.
The angle ZA4OB is defined as 1 radian (which is written as 1°).

Similarly, if O4, OB are drawn so that arc 4B is equal to 2r,
then the angle ZAOB is equal to 2 radians (2°).

Continuing with this logic, if OA, OB are now drawn so that arc 4B
is a semicircle, then its length will be half the circumference; that
is, r, and so the angle at the centre (£40B) will equal 7 radians
and, in fact, will equal 180°.

Thus, we may say that ¢ = 180°.

Applying multiples and fractions of this identity, we may construct
this table.

C
340 km
35°
A
A
r
B
A
2r
\2%) 5
r

i
s}

(3

Angles in degrees 0 30 45 60 90 180 360
. . ™ ™ T iy
Angles in radians 0 — — — — T 21
6 4 3 2
As

° = (1% md 10 = (0
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We may also perform direct conversions using the rules below.

Degrees to radians Multiply by ;T%

180
Radians to degrees Multiply by —
™

Note: It is usual to write 0€ as 0, i.e. unitless as it is a ratio.
AB

i.e. The angle of the centre of the sector is the ratio of the arc length to radius (—)
r

As such, it is the mclmber of radii in the arc length AB, therefore being unitless.
For example, <g) = g, 1.04°=1.04 sinmt=0 cosl~0.54 etc.

e

Convert 30° to radians.

Solution

Il

Example 14

T\ €
Convert <Z> to degrees.

Solution
T\NC T o 180\°
— = — = —  — :450
(3) =3 <4 - )

Using technology

- [

Convert an angle of 2.7 to degrees.

180\°
2.7 = <2.7 X —)
o

= 154.7° (by calculator)

Solution
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Example 16

Convert 73° to radians.

Solution

73° = (73 « l)c
180

= 1.27° (by calculator)

=127

To convert from degrees to radians

Using the TI-Nspire
Exact mode

1 Set the calculator to Exact and Radian mode.

2 Type 32, press (e )(*), then press .

3 Type 32.145, press (w)(7) and then press Gmr).
4 Type 32, then press (v )(*). Type 20 and then
press (7). Type 10 then press (V) twice. Now

press G

(1] RAD EXACT REAL [}
e 5n

45

32.145° 2143w

12000

32°20'10" 11641

64800
| =
359

Approximate mode
1 Set the calculator to Approximate and
Radian mode.

2 Type 82, press (@ )(?), then press G,
3 Type (-)123.45, press (v )(*) and then

press Gn).

Using the ClassPad

Standard mode

1 Set the calculator to Standard and
Radian mode.

2 Press (keyboard, then tap (TRIG). (This gives
access to the degree symbol.)

3 Type 32, tap (° ] and then press @®.

4 Type 32.145, tap (° ] and then press €.
5 Type dms(32,20,10), tap (° ] and then

press €.

[ Edit Action Interactive X

Em E “a Edi-iﬂ vI-fi;!le .

329 FY
Ben ]
43
32.145°
2143-n
126688
dms(32, 28, 182°
116411
64266

n

41

Ala Standard Real Rad g

Decimal mode
1 Set the calculator to Decimal and

Radian mode.
2 Type 82, tap (° ] and then press €®.
3 Type (-)123.45, tap (° ), then press @®.
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4 Type (5200, then press (). Type 30, then 4 Type dms((-)200,30,10), tap (] and

press (). Type 10, then press (*) twice.

Now press .

1 RAD APPRX REAL ]
820 143116998664
-123.45° -2.15460896159
-300°30'10" 3.49943363162

U
3599

Note: To approximate an exact answer

press (o)),

To convert from radians to degrees

Using the TI-Nspire
Exact mode
1 Set the calculator to Exact and Degree mode.

2 Type 1, press (v )&, then press on the

radian symbol 7.

1.1 DEG EXACT REAL "]

=

1 =
wle|i|e|o|a|=[_[+]]E
L] A= || LS| > Zn
e =]= AR REL=

=

l 5

3 Press to evaluate.

4 Type 2.134 (access the radian symbol, as
described above) then press Giery.

5
5 Type Tw using the fraction template, then

press the right arrow key. Access the radian
symbol, as described above, and then press .

1.1 DEG EXACT REAL ]
r 180
n
(2.134) 9603
25n
(S-_n]r 225
4
=
3599

then press @ .

N Edit Action Interactive (%

] O ] TP i Y

s2¢

1.431169987
—123.45°
—2.154688%62
drns (-208,38, 18)°
=3.481883376
(al

hd
[mth [abe [cat 20 |EIEE]
L IR R PN P el A
BERE
S|E||x]=
2|3||+]-
« |E [|ans
= JCALC |OFTH | YAR |EXE
Alg Decimal Real Rad fog

Using the ClassPad
Standard mode

1

Set the calculator to Standard and
Degree mode.

Press (eyboard, then tap (TRIG). (This gives

access to the radian symbol r.)

Type 1, tap (] and then press @®.
Type 2.134, tap (* ] and then press @®.

5
Type Tﬂ-, tap (* ] and then press @®.

N Edit Action Interactive (%

R T e B

188
n
2. 134"
9683
25-m
sm,
3
225

4L

Alg Standard Real Deg dm]
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Approximate mode

1

Set the calculator to Approximate and
Degree mode.

2 Type 4 (access the radian symbol, as

described above) and then press Giir).

3 Type 1.725 (access the radian symbol,

as described above) and then press Giery.

6
4 Type 777 using the fraction template, then

Bz ) 1

B 2

B 3

[EErm 6] 4

press the right arrow key. Access the
radian symbol, as described above, and

then press Giery.

1.1 DEG APPRX REAL ]
& 229.183118052 [
(1.725) 98.8352196601
( 6 ) 154.285714286

7

[
/99

Note: To approximate an exact answer

press (G .

Exercise A=

Decimal mode
1 Set the calculator to Decimal and
Degree mode.

2 Type 4, tap () and then press €.
3 Type 1.725, tap [ ) and then press €.

6
4 Type Tﬂ, tap (r ) and then press €.

[ ¥ Edit Action Interactive X}

Em E “a Edi-iﬂ vI-fi;!le .

4 =

229,1831181 [[]

1.725"
98.83521%66

154,2857143
] L

|
[mth[abc [cat [ 20 |XIEIE]
nle|ifn]|[>], |2 |x|y|z|r]
i HEd HEERE
EEESE AEREE
cos | cost | 1]2]3])[+]-
tan | tan-i [f6]. [e|[ans
&= | CALC |OPTH | YAR |EXE
Ala Decimal Real Deg gul

Express the following angles in radian measure in terms of r:

a 60° b
d 330° e

144° c
420° f

Express, in degrees, the angles with the following radian measures:

d 09w

h 18w

Use a calculator to convert the following angles from radians to degrees:

27 S5
a R —_
3 6 ¢
S5 91
e —_— —
9 5
a 0.6 b 1.89 c
3.72 f 5.18 g

d 431
h 6.00

Use a calculator to express the following in radian measure:

a 38° b 73° c
e 84.1° f 228° g

136.4° h

d 161°
329°
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5 Evaluate the following, using your calculator:

a sinl9 b sin23 ¢ sin4.l d cos03

e cos2.1 f cos(—1.6) g sin(—2.1) h sin(—-3.8)

i tanl.6 j tan(—2.8)

6 For each of the following angles 6, determine the values of sin 6, cos 6 and tan 0:

Sm 291 9m

a 0=27w b = —— c 6= — d 6=—-"+
2 2 2

Il
e = f 6=56m g 06=21lwm h 06=-53w

Exact trigonometric ratios and angles of
any magnitude

Exact trigonometric ratios

75

A calculator can be used to find the values of the trigonometric functions for different values

of 0. For many values of 6 the calculator gives an approximation. Here, special values of 6 are

considered for which the sine, cosine and tangent can be calculated exactly.
T ., w .
Exact values for r3 (i.e. 30°) and 3 (i.e. 60°)

Consider an equilateral triangle ABC of side length 2 units.
In AAC D, by the Theorem of Pythagoras:

DC =+ AC? — 4D? sineos — P _ V3
=3 AC 2
AD 1
sin:’»OozA—Dzl cos60° = — = —
AC 2 AC 2
CD 3
cos30°=Q=£ tan600:—:£
AC 2 AD 1
tan 30° AD 1
an = —-——==—
D V3

w
Exact values for 1 (i.e. 45°)

C
AC=V124+12 =42
BC 1
sin45° = — = —
A4 V2
AB 1 !
c0s45° = — = —
A 2
BC
tan45° = T =1 45° ]
A 1 B

As an aid to memory, the exact values for circular functions can be tabulated.
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Summary
Learn 0 (0°) sin® | cosO | tan0 OR Learn
T (30°) l £ L 45° 30
6 2 2 J3 1 Vs Vi )
11' 1 1
— (45°) | — — 1
4 V2 | V2 N 45° 60°
1 1
T V3 1
3 (60°) B3 5 V3

Angles of any magnitude
It is worth noting that the definitions you have been using for sine, cosine and tangent only
work if the angles in use are between 0° and 90°.

opposite adjacent opposite

i.e.sinf = andtan 0 = —;

hypotenuse’ - hypotenuse adjacent
if the angle 6 is an acute angle in a right-angled triangle.

have meaning only

Despite this limitation, your calculator had no problem finding the sine and cosine of obtuse
angles when using the Sine and Cosine Rules in the previous sections. The basis behind this
contradiction is that your calculator was built with a broader definition in mind.

Although you will still use the old definitions on many occasions, the definitions discussed
below will allow trigonometry to be applied to situations other than right-angled triangles.

Historically, the sine, cosine and tangent were defined
by the Greeks, using the diagram shown.

Note: The radius of the circle is one unit. This circle
is often referred to as a unit circle.

o uey

sin @ = length of blue line radius = 1
cos 6 = length of red line

tan 0 = length of green line (or tangent)

Drawing the Cartesian plane over the diagram above \ 0
makes it possible to define the trigonometric ratios as
follows: !

sin 6 = y coordinate of P

cos 0 = x coordinate of P 0 1

tan 6 = y coordinate of O
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Notes:

The angle 6 is measured anticlockwise from the positive direction of the x-axis.
P is the point where the angle being drawn crosses the circle.

O is the point where the line OP crosses the line x = 1.

On tan 0

Some books will define tan 6 as

0
R This result follows directly from recognising that the
cos

two triangles with hypotenuses OP and OQ are similar and recalling that ‘Corresponding sides

. . . . . sinf  tan6
in similar triangles are in the same ratio’. This leads to 0= "1 and, therefore, that:
cos

A Convention: The x- and y-axes, as drawn, divide the circle
into four parts, which are referred to as the first, second, third

2 1
and fourth quadrants, Q1, Q2, Q3 and Q4, respectively, as K Lﬁ
shown. & ﬂ
A
by

Further discussion of the new definitions

If 6 is between 0° and 90° then it lies in Q1 and the
diagram, as shown, gives All of sin 0, cos 6 and tan 6 to
be positive, because the x and y coordinates of P and Q
are all positive.

=

If 6 is between 90° and 180° then it lies in Q2 and 1)
only sin 0 is positive (cos 0 and tan 6 are both negative).
This is because the y coordinate of P is positive,
whereas the x coordinate of P and the y coordinate of

Yy
m<
/ 1

P y\
Q are both negative. Oh >
Note: The lines x = 1 and OP must be extended
downwards to meet at Q and, hence, to find tan 6.
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If 6 is between 180° and 270° then it lies in Q3 and \
only tan 6 is positive (sin 0 and cos 6 are both negative).
This is because the y coordinate of Q is positive,
whereas the x and y coordinates of P are both negative.

y =

If 6 is between 270° and 360° then it lies in Q4 and

This is because the x coordinate of P is positive,
whereas the y coordinate of P and the y coordinate

of O are both negative. =1 C

O/
. I . . y
only cos 6 is positive (sin 6 and tan 6 are both negative). \
P

These results are often summarised as:
sin | all or S | A
Also referred to as ASTC or CAST. W W

Simplifying the work load
Considering angles in Q2, the student should note that:

sin 150° = sin 30°, sin 170° = sin 10°, and sin 163° = sin27°.
These illustrate the general result:
sin® = sin(180 — 0)
Similarly:
cos 150° = — co0s 30°, cos 170° = — cos 10°, and cos 163° = — cos27°.

and

tan 150° = —tan30°, tan 170° = —tan 10°, and tan 163° = —tan27°,
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illustrating the general results:
cos ® = — cos(180 — 0) and tan @ = — tan(180 — 0)
Considering angles in Q3, the student also should note that:
sin210° = —sin 30°, cos 200° = — cos20°, and tan226° = tan46°.
These illustrate the general results:
sin® = — sin(@ — 180), cos ® = — cos(0 — 180) and tan @ = tan(0 — 180)
Similarly, for angles in Q4:

sin® = — sin(360 — 0), cos 0 = cos(360 — 0) and tan ® = — tan(360 — 0)

Summary

Q2 Q3 Q4

sin = sin(180 — 0)

cos® = —cos(180 — 0)

tan® = — tan(180 — 0)

sin = — sin(f — 180)

cos® = — cos(6 — 180)

tan 6 = tan(6 — 180)

sin® = — sin(360 — 0)

cos 0 = cos(360 — 0)

tan® = — tan(360 — 0)

Note: Although the results above are general results and true for all values of 6, it is not
necessary for students to extend their understanding beyond the discussion above.
Students may want to learn the results above off by heart; however, it is worth noting the
following underlying principles:
1 The results 180 — 6, 6 — 180 and 360 — 6 simply calculate the acute angle between OP and
the x-axis.

2 The x and y coordinates of all points on the circle, and therefore cos 6 and sin 6, can be
related back to points in Q1 using ASTC and the acute angle with the x-axis.

Use the following procedures when finding the exact value of angles of any magnitude:
1 Draw the angle required in a unit circle.

2 Calculate the acute angle that OP makes with the x-axis.
3 Use ASTC to establish whether the answer is positive or negative.

4 Use the exact angle results discussed in Section 2.6 if required.
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Using technology

Using TI-Nspire:
1 Set the calculator to Radian mode.

2 Open the Graphs & Geometry application.

3 Press and select Parametric from the
Graph Type submenu.

4 Input the following equations:
x1(¢) = cos(?)
y1(t) = sin(?)
and change tstep to o

12°
5 Press .

6 Press @), select Window Settings from the

Window submenu and set the following:
XMin: —

XMax: m

YMin: —2.09

YMax: 2.09

7 Press and select Graph Trace from the
Trace submenu.

F RAD APPRXREAL o
209 |7 fea(d=cosle)
Lﬂ (1‘)=sin(!)

(0.699111,0.715013 ) \=0.796642

2y

-3.14 K y 3.14

-2.09

Using ClassPad:
1 Set the calculator to Radian and
Standard mode.

2 Tap Graph&iTab.. .
3 Tap (¥) and select [x=].

4 Input the following equations:

xtl: cos(?)
ytl: sin(7)
and then press €.

5 Tap to view the graph and then tap

Resize .
Hefg for a full-screen view.

6 Tap Zoom, then select Square.

[ _Edit_Zoom Analysis ¢ 59|
([ 2] s VMR =] 0
1

I l

Rad Real )

7 Tap [EZ] and change tstep to %

8 Tap Analysis and select Trace.

[ _Edit_Zoom Analysis ¢ 59|
([ 2] s VMR =] 0
1

= \
tc=8, 785322281
o=@, 7871867 | vo=0.7871867

[fl=cos(ty,sindt) |
Rad Real )

Wil

'Y

il
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- ]

Find the exact value of cos 120°, without using a calculator.

Solution
c0s 120° = — cos (180 — 120)°
= — c0s 60°
1
-2

Example 18

]

Find the exact value of tan 240°, without using a calculator.

Solution
tan 240° = + tan (240 — 180)°
= tan 60°
=3

Example 19

7
Find the exact value of cos (Tﬂ) , without using a calculator.

Solution

7w 180°
— X
4 ™

= 315°

c0s8315° = +cos (360 — 315)°

= cos 45°
1
V2
7 _ 1
COST = ﬁ

Note: Converting to degrees is not essential.
Boundary angles: 0° and 360°, 90°, 180° and 270°
Remembering that, for all angles represented on the unit circle,

X = cos 0
y=sin0
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we are able to specify values for the trigonometric

y
functions of angles not belonging to any particular \ B(0,1)
quadrant; that is, boundary angles.
On the diagram, the four points 4, B, C and D are
represented, corresponding to the angles 0° (360°),
90°, 180° and 270°, respectively. €cLO o T (;C)
Their (x, y) coordinates are also labelled. ’
. ) sin 0
Noting that x = cos 8, y = sin6 and =tan9,
cos
we can set up the following table of values: 'D ©.-1)
Angle Sine Cosine Tangent
0°,360° (i.e. 0, 21) 0 1 0
90° <i.e. g) 1 0 Undefined
180° (i.e. ) 0 —1 0
3
270° (i.e. %T) —1 0 Undefined

Example 20

oy
Find the exact value of cos (— 3) , without a calculator.

Solution
™ 180°

X = —60°
3 ™

cos (—60°) = + cos 60°

o
=}

7]

|
w3
N—"

I
= N =

Note: In Example 20, negative angles are measured clockwise and the angle between
OP and the x-axis is 60°, leading to cos (—60°) = +cos 60°.

e

Find the exact value of sin 405°.

Solution
sin405° = sin (405 — 360)°
= +sin45°

Sl-
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-

17
Find the exact value of tan (%)
Solution
17 180°
LA —=510°
6 ™

tan (510°) = — tan (540 — 510)°

= —tan30°

Using technology

Using the TI-Nspire: Using the ClassPad:
Degrees Degrees
1 Set the calculator to Degree and 1 Set the calculator to Degree and
Exact mode. Standard mode.
2 Type sin(135), then press Gier. 2 Press (eyoard), then tap to access
3 Type cos(210), then press . the sin, cos and tan commands.
4 Type tan(300), then press Gir). 3 Type sin(135) and then press @9.
5 Type tan(~300), then press GE). 4 Type cos(210) and then press @ .
5 Type tan(300) and th .
5| DEG EXACT REAL | ype tan(300) and then press @
inl135) ﬁ ~ 6 Type tan(-300) and then press €.
2 [ Edit Action Interactive X}
cos(210) ﬁ Em Eiﬂ P i .
2 SinC135) A
tan(300) -3 g
'aan('300) »,E cos(218> N
2
A £an (3809
Ny
tan{-388>
NER
1
Ala Standard Real Deg g
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Radians

1 Set the calculator to Radian and Exact
mode.

2

2 Type sin (?w), then press .
Sm

3 Type cos 3 ) then press G,

13
4 Type tan (—%), then press G,

1.1 RAD EXACT REAL ]

Exercise 2=

2 A
sm(—:rE J—3
3 2 [ ¥ Edit Action Interactive X}
. (5 :rr) -2 Lt [EaldvAA] ]
=] — —
4 2 sin¢ 2X ) a
3
tan( L n) ﬁ V3
6 3 2
Sn
= cost 2 »
3199 -z
2
tant -16311 ?
_\fg_
3
u]
-
Ala Standard Real Rad g

Radians

1 Set the calculator to Radian and Exact
mode.

2 Press (eyoard), then tap (TRIG) to access

the sin, cos and tan commands.
2
3 Type sin(%) and then press €.

5
4 Type cos(%) and then press €.

13
5 Type tan(—%) and then press ©9.

Without using a calculator, evaluate the sin, cos and tan of each of the following,
expressing your answer in exact form. Validate using a calculator.
a 120° b 135° c 180° d 240°
e 315° f 390° g 420° h —135°
i —=300° j —60° k 270° 1 0°
Write down the exact values of each of the following. Validate using a calculator.
. .2 b 3w tan 2 d A
sin — cos — ¢ tan2mw sin —
3 4 6
. 4 . S5 T
e sinT f tan— g sin— h cos—
3 3 4
11
i tan —~ J cosw k sin sm I tano
6 2 2
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3 Write down the exact values of each of the following. Validate using a calculator.

. 27T b 117 137 d 15w
a s1n<—7) COS(T) C tan(T) tan(T)
141 31T . 11 21
e cos(—) f cos(——) g sm(—) h cos(——)
4 4 4 3
2.7 Modelling and problem solving

MAPg N
g Exercise E

1 ABCDEFGH is a rectangular prism with
dimensions as shown. Find the:

length of FH
length of BH
magnitude of angle BHF I B F

et Rt N
@

e e T o

magnitude of angle BHG

2 VABCD is aright pyramid with a square base.
The sides of the base are 8 cm in length. The height,
VF, of the pyramid is 12 cm. Find the:

length of EF

magnitude of angle VEF

length of VE

length of a sloping edge

magnitude of angle V4D

- 2 6 T oo

surface area of the pyramid

A B

3 A tree stands at the corner of a square playing
field. Each side of the square is 100 m long.
At the centre of the field the tree subtends an
angle of 20°. What angle does it subtend at each o T
of the other three corners of the field?

100 m

B 100 m ¢
4 Suppose that 4, C and X are three points in a B

horizontal plane and B is a point vertically

above X. If the length of AC = 85 m, and the
magnitudes of angles BAC, ACB and BCX are
45°,90° and 32°, respectively, find the height XB.

a5 /

A 85 m C
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5

10

11

12

Standing due south of a tower 50 m high, the angle of elevation to the top is 26°. What is
the angle of elevation after walking a distance 120 m due east?

From the top of a cliff 160 m high two buoys are observed. Their bearings are 337° and
308°. Their respective angles of depression are 3° and 5°. Calculate the distance between

the buoys.
Find the magnitude of each of the following H G
angles for the rectangular prism shown: -
a ZACE : F
b /HDF D!
6 cm (I AU
¢ /ECH P C
5 cm
A 12 cm B

From a point 4 due north of a tower, the angle of elevation to the top of the tower is 45°.
From point B, 100 m on a bearing of 120° from A4, the angle of elevation is 26°. Find the
height of the tower.

A and B are two positions on level ground. From an advertising balloon at a vertical
height of 750 m, 4 is observed in an easterly direction and B at a bearing of 160°. The
angles of depression of 4 and B, as viewed from the balloon, are 40° and 20°, respectively.
Find the distance between 4 and B.

A right pyramid, height 6 cm, stands on a square base of side 5 cm. Find the:

a length of a sloping edge
b area of a triangular face

A light aircraft flying at a height of 500 m above

oy 1000 m A;#

the ground is sighted at a point A" due east of an

observer stationed at a point O on the ground,

who is measured horizontally to be 1 km from y 45° 4
the plane. The aircraft is flying south-west B’
(along A’B’) at 300 km/h. 500 m
a How far will it travel in 1 minute? B

b Find its bearing from O (O’) at this time.
¢ What will be its angle of elevation from O at this time?

Three points, 4, B and C, are on a horizontal line such that AB = 70 m and BC = 35 m.

The angles of elevation of the top of a tower are o, 3 and vy, where tana = ER
1 1

tanf3 = 5 andtany = 70 The foot of the tower is at the same level as 4, B and C. Find

the height of the tower.
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A cat sitting on the edge of a straight river bank spots a bird sitting in a tree directly across
the river and on the river’s edge. The angle of elevation from the cat to the bird is 15°. The
cat then moves 25 m along the river bank, and now spots the same bird at an angle of
elevation of 13°. How high is the tree?

Andrew and Rob have parked their cars directly under the take-off flight path of a
passenger aircraft. Andrew’s car is parked 2 km directly to the west of Rob’s car, and both
cars are at the same height.

Not long after the plane has taken off, Andrew observes that the plane is to the east at
an angle of elevation of 28°. From Rob’s position, the plane appears to the east at an angle
of elevation of 43°. Thirty seconds later, Andrew sees the plane to the east at an angle of
elevation of 40°, whereas from Rob’s position the plane now appears to the west at an
angle of elevation of 70°.

Determine the speed of the plane over this 30-second period. Give your answer to the
nearest kilometre per hour. (You may assume that the plane’s speed was constant. Do not
assume that it travels at a constant altitude.)

A shipping company has decided to start the

manufacture of its own shipping containers.

Supporting beams (S, S; and S3) line three
of the sides of the container, as shown in
the diagram. For the greatest structural S,

stability under the expected transport
conditions, engineers have calculated that the 4m

angle between the two supports S} and S, 8m
(as indicated in the diagram) must be equal to 30°.

Determine the height of a container with floor dimensions of § m x 4 m if it is to be
built to these specifications.
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Chapter summary

B The sine rule is used to find unknown quantities in a triangle when one of the following
situations arises: B

B one side and two angles are given

B two sides and the non-included angle are given. ¢ ¢
The sine rule states that for a triangle 4BC,
a b c A 5 c

sind _sinB _ sinC
B The cosine rule is used to find unknown quantities in a triangle when one of the following
situations arises: B
B two sides and an included angle are given
B three sides are given. c a

The cosine rule states that for a triangle ABC,
A C

b +c* —a?
2bc
B A radian is defined as the size of the angle formed when two radii in a circle cut off an arc

a®? = b? + ¢* — 2bc cos A or, equivalently, cos 4 =

whose length is equal to that of the radii.

To convert degrees to radians, multiply by %

180
To convert radians to degrees, multiply by —.
™

B Sine, cosine and tangent ratios of special angles and boundary angles are summarised thus:

Special angles

0(0°) sin 0 cos 0 tan 0 OR
Z (30%) ! V3 B 45> -
° : : e | V2 V3 2
Tasy | - : |
: 2 /2 [ ] 45° 60°
™ V3 1 1 1
— (60° —_— — 3
3 (60°) > 3 V3
Boundary angles
0 sin 0 cos 0 tan 0
0, 27 (0°, 360°) 0 1 0
g (90°) 1 0 Undefined
7 (180°) o | =1 0
3
= @70°) N 0 | Undefined
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For angles larger than 90°, trigonometric ratios may be found as follows:

0 in quadrant

sin 0

cos 0

tan 0

1

+sin 6

+ cos 6

+tan 6

+ sin (180° — 0)

—cos (180° — 6)

—tan (180° — 0)

—sin (180° — 0)

—cos (180° — 0)

+ tan (180° — 0)

2
3
4

— sin (360° — )

+ cos (360° — 0)

— tan (360° — 0)

1

10

Multiple-choice questions

In a triangle XYZ, x = 21 cm, y = 18 cm and ZYXZ = 62°. The magnitude of /XYZ,
correct to 1 decimal place, is:
A 04° B 0.8° C 1.0°

D 49.2° E 53.1°

51
In a triangle ABC, a = 30,b =21 and cos C = 3 The value of ¢, to the nearest whole
number, is:
A 9 B 10 C 11 D 38l E 129

In a triangle ABC, a = 5.2 cm, b = 6.8 cm and ¢ = 7.3 cm. The magnitude of ZACB,
correct to the nearest degree, is:
A 43° B 63° Cc 74°

D §2° E 98°

From a point on a cliff 500 m above sea level, the angle of depression to a boat is 20°. The
distance from the foot of the cliff to the boat, to the nearest metre, is:

A 182m B 193m C 210m D 1374m E 1834m

A tower 80 m high is 1.3 km away from a point on the ground. The angle of elevation to the
top of the tower from this point, correct to the nearest degree, is:

A 1° B 4° C 53° D 86° E 89°

A bushwalker walks 5 km due east and then 7 km due south. The bearing the bushwalker
must take to return to the start is:
A 036° B 306° C 324°

D 332° E 348°

A boat sails at a bearing of 215° from A4 to B. The bearing it must take from B to return to 4
is:

A 035° B 055° C 090° D 215° E 250°
The exact value of sin 60° is:
1 1 3
A = B — C £ D O E 1
2 V2 2
2
The exact value of cos ?Tr is:
1 1 3
Al Bt ¥ 5 ¥ gy
2 2 2 2

3
The exact value of tan (—;) is:

A0 B 1 Cc -1 D 3 E Not defined




90 Queensland Mathematics B Year 11

Short-response questions

1 Convert to radians:
a 210° (Give your answer in terms of 7r.)
b 29° (Give your answer to 2 decimal places.)
¢ 117°63' (Give your answer to 2 decimal places.)

2 Convert to degrees:

R
a R
4

b 2.7° (Give your answer to the nearest minute.)
3 Write each of the following in exact (surd or fraction) form (without using a calculator):

. 21 . ™
a sin210° b cos315° c tan? d cos270° e sm(—g>

1-r 2m 197
f t - 1 © 1 -
an > g cos ( 3 ) h sin(570°) i tan( 5 )

4 From a port P, a ship Q is 20 km away on a bearing of 125°, and a ship R is 35 km away on
a bearing of 050°. Find the distance between the two ships.

5 In a quadrilateral ABCD, AB =5 cm, BC =6 cm, CD =7 cm, B = 120° and C = 90°.
Find the length of the diagonal AC.

6 Ifsinx = sin37° and x is obtuse, find x.

7 A point T'is 10 km due north of a point S, and a point R, which is east of a straight line
joining 7 and S, is 8 km from 7 and 7 km from S.
a Calculate the bearing of R from S.
b A fourth point, Q, is on a bearing of 319° from S and is 12 km from 7. Calculate the
magnitude of ZTQOS and, hence, the bearing of 7 from Q.

8 InAABC, AB = 5cm, ZBAC = 80° and ZABC = 70°. Calculate the length of AC.

9 The diagram shows three survey points, N N 7
A, B and C, which are on an east—west line
on level ground. From point 4, the bearing
of the foot of a tower is 051°, whereas from
B the bearing of the tower is 042°. Find:

a i ZTAB ii ZATB
b AT ¢ CT

51° 42°,

10 A boat sails 11 km from a harbour on a bearing of A 300m Bo200m ¢

220°. It then sails 15 km on a bearing of 340°. How far is the boat from the harbour?

11 A helicopter leaves a heliport 4 and flies 2.4 km on a bearing of 150° to a checkpoint B. It
then flies due east to its base C.
a If the bearing of C from 4 is 120°, find the distances AC and BC.
b The helicopter flies at a constant speed throughout and takes 5 minutes to fly from 4
to C. Find its speed.
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From a cliff top 150 m above sea level, two boats are observed. One has an angle of
depression of 18° and is due east, and the other has an angle of depression of 9° on a
bearing of 148°. Calculate, correct to the nearest metre, the distance between the boats.

AB is a tower 60 m high on top of a hill. The magnitude 4
of ZACO is 49° and the magnitude of ZBCO is 37°. Find the:

a magnitude of angles ACB, CBO and CBA
b length of BC
¢ height of the hill; that is, the length of OB

A tower 110 m high stands on the top of a hill. From a TO
point 4 at the foot of the hill the angle of elevation of T
the bottom of the tower is 7°, and that of the top of the l_lﬁm
tower is 10°.
a Find the magnitude of angles 74AB, ABT and ATB. %
b Use the sine rule to find the length of 4B. TN C

10°

¢ Find CB, the height of the hill.

Point S is a distance of 120 m from the base of a building.
On the building is an aerial, AB. The angle of elevation
from Sto 4 is 57°. The angle of elevation from S to B is 59°.
Find the following distances:

a OA
b OB 59°
¢ AB 57°

B
A
o

120 m
From the top of a communications tower, the angles T

of depression of two points, 4 and B, on a horizontal W/V top of tower
line through the foot of the tower are 30° and 40°, 40

respectively. The distance between the points is

100 m. Find the:

a distance AT

. base of tower
b distance BT A+—100m—B

¢ height of the tower
Angles VBC, VBA and ABC are right angles.

v
Find the:

distance VA4

distance VC 8 em

distance AC

magnitude of angle V'CA4 5

8 cm 6 cm
c
4

e e T o
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The function, y = ka*, where k is a non-zero constant and the base a is a positive real number
other than 1, is called an exponential function (or index function).

Consider the following example of an exponential function. Assume that a particular
biological organism reproduces by dividing every minute. The following table shows the
population, P, after n 1-minute intervals (assuming that all organisms are still alive).

n 0 1 2 3 4 5 6 n
P 1 2 4 8 16 | 32 | 64 | 2"

Thus, P defines a function that has the rule P = 2", which is an exponential (or index)

function.

Rules for exponents (indices)
We shall review the rules for manipulating exponential expressions, a*, where « is a real
number called the base, and x is a real number called the exponent or index.

Values of a* are powers of the base.

exponent, index or

logarithm

V\

power

base

Some powers of base 2 are: . 0 1 5 3 4

2* (power) 1 2 4 8 16

Multiplication, @™ x a”

If m and n are positive integers,

then a"=axaxa...xa
<« m factors —
and a"=axa...xa

<n factors—
a"xa"=(axaxa...xa)x(@xa...xa)
<« m factors — <n factors—
=(@xaxa...xa)
<m + n factors—

— aern
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Rule 1 a™ x a" = g™t

To multiply two numbers in exponent form with the same base, add the exponents.

ie. a" x a" =a"t"
Simplify:
a 23 x8 b x2y® x xty ¢ 2 x2°F2 d 3a’b® x 4a’b?
Solution
a 23 x 8 =23 x (23)* b x?3 xxty=x2xx*xp’xy
=23 x23x2¥x2x23 = x6y*
— 215
C 2F x 2¥F2 = p¥Fx+2 d 3a’b® x 4a’h* =3 x 4a* x a® x b* x b?
— 22x+2 — 12a5b5

Division: @™ - a"
If m and n are positive integers and m > n,

<m factors—

dxdgxd...a
then a" +ag"' = —F—7—

dxdgxd...a
<« n factors —

=axaxa...a (by cancelling)
<« (m — n) factors —

=a}'l‘l*n

Rule 2 a" +-a"'=a""

To divide two numbers in exponent form with the same base, subtract the exponents.
ie. a” +a" =a

Note that Rule 1 and Rule 2 also hold for negative indices m, n for a # 0.
For example:
24 X2—3 :24+—3 :21

25+2—1=25—(—1):25+1=26
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-

Simplify:
. ﬂ b b x b*t! . 16a°b x 4a*b’
x2y? b2 8ab
Solution
zz_i’; — 4232 b b Zz)l:XH — phrbxHl-2x
=x%y _ patl
16a°b x 4a*h®>  64a°b*
¢ 8ab ~ " 8ab
= 8a%p*

Raising the power to the index n, (a™)"

Consider the following:

(23)2 — 23 X 23 — 23+3 — 26 — 23><2

(43)4 — 43 % 43 % 43 X 43 — 43+3+3+3 — 412 — 43x4

@) = a® x a® x a® x a® x a® = @?+2H2H2+2 = 410 _ ;2%5
In general, (a”)" = a™ > ".

Rule 3 (@)t =a™
To raise the power of @ to an index, multiply the indices or exponents.

i.e. (am)n — am X n

Products and quotients
Consider (ab)".
(ab)" = (ab) x (ab) x ... x (ab)
«~— nfactors —>
=@xax...a)x(bxbx...b)
<nfactors—  <«n factors —
=a"b"

Rule 4 (ab)" = a"b"
Consider (%)n.

) =555

<—n factors —
<—n factors —
axax...a

bxbx...b
<n factors—
a}’l

T
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Simplify the following, expressing with positive exponents:

. g2 b (1)‘4 . 373 x 64 x 1273 4 32 x 6"
2 0—4 x 22 8" x 37
Solution »
] V()=
]2 2 24
1 — 4
eSS
B 1
26
33x 64 x 1273 373 x 24 x3*x33Ix23x23
94 x2-2 3—% x 34 x 22
372 x 272
T 3822
=30
3 X 6" (3" x 31 x (3" x 27)
8" x 3" 2 % 3

3" x 3"
:2T

)

Raising to the index 0, @° for a # 0

am
Consider —.

d X ¢ X d¢...m factors

a
am
am

a" " by cancelling
4°

(¢x¢x¢...m factors)
1
1

Rule 6 a® =1
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Example 4

Simplify each of the following, using index rules:

33 x 3! 4 x (=2)° a™”
a b —0F— R —
3 32 am™ x q="
Solution
. 3P x3 3] b 4x (=20 22 x (=1 x2} . a™ a
3T 3 32 25 am xa=?ma™"
_ 34 B —1 x 22+3 =Cl0
o34 - 25 =1
:30 =_1X22+3—5
=—1x2°

=—1

Raising to a negative index, a”, a # 0

Consider a™".

—n 0—n

a =da

1
Rule7 a"=—, a#0
an

This rule should be used to express all answers in positive exponent form.

- B

Simplify each of the following, using index rules:

—1 -3 2 a
a 37" x2 b (-5) c =
Solution |
x 1
193 = oy _5y2 a  _ w1
a 37 x 3 X % b (-9 =57 c = a " x =
1 _ 1 1
T 3x8 25 s 5T
_1 b
T 24 1 »
= — X —
a® 1
by
T e

Note: Shifting a power from the numerator to the denominator, or vice versa, changes

the sign of the index.



Chapter 3 — Exponential functions and logarithms

1 Simplify:
3 40
a x2xux? b 2xx3xx*x4 ¢ = el
X 2x3
e (a)? f (2% g (xy)? h (x2y%)?
() 3
i (= i |z k (=2 1 (=
() G = (5)

2\ 572
m (2 o

(3) @1y
2 Simplify:

a x3xx4xx2

d (¢%p) x (gp*)?
g m3p2 X (m2n3)4

x (p72)

3 Simplify:

x3y5

X7

(—2xy)* x 2(x*y)’
8(xy)?

a

b 2% x 4% x 8
e a’b73 x (a’b?)
h 2°a°h? x (2a='b*)2

16a°b x 4a*h?

b
8ab
(—3xzy3)2 4x4y3
X
(2xy)? (xy)?

¢ 3*x9x27
£ (2x%)% x (4x*)3

4 Simplify each of the following, expressing with positive exponents:

a m’n’p~? x (mn’p)3

ab3c
a~1p2c—3

b ¥3yz7? x 2(x3y2z)?

xyz~!
a2n—1 X b3 XCl_n

an—3 X b2—n X c2—2n

a*b x (ab’z)_3

(a=2b-1)7?

5 Simplify each of the following, expressing your answer in positive exponent form:

4nX8n+1
T YRSEYY
22nX92n—1
6n71
62nX93
& 27 x 8" x 16"
—1
i

3—4n
6 Simplify and evaluate:
(8)°

(212)?

MAPg

b 3% x 921 x 273

252n X Sn—l
52n+1
3n—2 X 9n+1
27n—1
37 x 5
53n x 9—n

(125)
(25)

3n—1 3 g2n—3
62 % 3n+2

63 x 4*
Jx+1

8 x 2° x 37

9 x 27 x 81

82" x 97" x 4

271 % 23@n+ 1)

[

(81)* — 273

[ 9

7 Givenx’ = 1 and 0” = 0, use a graphics calculator to approximate 0°.

99
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3.2 Rational exponents

an, where n is a natural number, is defined to be the n root of a, which is denoted Ja. 1f

1
a > Othenan is defined foralln € N.Ifa < 0 then /a is only defined for n odd. (Remember
that only real numbers are being considered.)

1 1\"
an = {/Zzwith(an) =a

Using this notation for square roots Using this notation for cube roots
Given: Ja = /a Given:
JaxJa= a Ja x Jaxfa=a
1 1 1 1 1
a2 xa? =a a3 xa3 xa3 =a

1 1
Ja=a2 coJa =a3

Furthermore, the expression a* can be defined for rational exponents (fractions); that is, when
x = ", where m and n are integers, by defining:

m I 1
Rule 8 an = (aﬁ) = (a")n

m M m n
an =(\/c_1) =am

Example 6

Evaluate, without using a calculator:

5 1 2
a 162 b 92 ¢ 6473
Solution
5 1\’ 5 1] 1 1
a162=(162>=(216> =45 =1024 b92=—p=—2=2
91 V9 3
2 1 1 1 1 1
c 6473 = — = S = S = =

To summarise:

a” xa" =a
a —a" =a
(am)n :amxn

(ab)" = a"b"
a\® a”
B ==
a‘”:ain, az#0

m L\" L m m
an =<an) =(a")n; i.e.an =((/E) = agm

Note: These rules are also applicable for all rational exponents, where m and n are fractions.
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- B

Simplify:
S ()
16* v
Solution

_
N

1 1 1
a 3ZX\/6X\4/§_3ZX35X25X2

3 |
164 (16Z>

w

L 1 1 1 3 3
34 x 32 x22 x24 34 x24
- 2 X
3 3
34 34
T L 3T 9
243 2%
1 4 1 x*
b (x72y)2 x <F> =x"'y2 x i
25
=x3 x y2
1 Evaluate: .
2 3 1 2
a 1253 b 2435 c 8172 d 643
1
1\3 2 _2 4
e (g) f 3275 g 12573 h 325
1
4 3 3 27\3
i 1000 3 j 100004 k 814 1 (ﬁ)
2 Simplify: 1
1 2
a V4 x~/32 b a’h+ab? ¢ (a72b)’ x <F>
45% 3 1 3 w32\ 2 33,2
d - ¢ 22x4Tix16F  f (_3y_3> +< S
97 x 152 37y xty
3 1
e (Vo) x (V)
WAPg
3 Simplify each of the following:
a (2x — 1V2x —1 b (x—1)’Vx—1 c (+DVx2+1

1
Jx =1

d (x —D)Ix—1 e

+Vx =1 f (54 D)Y5x2+1
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3.3 Solving exponential equations and inequations

Method 1

Given a*=a’
.x =y (byequating the exponents)

When both sides of the equation have the same base, the exponents are equal.

Example 8

Find the value of x for which:

a 4°=256 b 3 !'=28l1 ¢ 54 =p5x+2
Solution
a 4% — 256 b 3x—1 —31 c 52x74 — 257x+2
4% — 44 3x71 _ 34 — (52)—x+2
x=4 x-1=4 =52t
Sox=5 S 2x—4=-2x+4
4x =8
Sx =2

Example 9

Solve 9* =12 x 3* — 27.

Solution
(3*)? =12 x 327
Let y=73"
Then ¥ =12y-27
212y +27=0
r=3)y-9=0

Therefore, y—3=0 or »-9=0
y=3 or y=9
Hence =3 or 3¥=32

s.x=1 or X =



Method 2

Using technology
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When both sides of the equation cannot be expressed with the same base.

Example 10

Solve 5 = 10, correct to 2 decimal places.

Solution
Using the TI-Nspire:

1 Setto Approximate.

2 Press and select solve
from the Algebra menu.

3 Type §° = 10, x) then press .

DEG APPRX REAL

solve (Sx= 10,x)

1

x=1.43067655807

1/99

Using the ClassPad:
1 Set to Decimal.
2 From the Action menu select solve

from the Advanced submenu.
3 Type 5 = 10, x) then press E®.

] O ] 2 0 e I Y

solve(S5*a=10, a) -
{%=1.430676558}

]

ol

‘Fl_lg Decimal Real Deg g

Answer: x = 1.43 (correct to 2 decimal places).
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Solution of inequalities

Method 1

[

Solve:
1
X b 2—3x+1 o
a 168 >2 < T
Solution
a 24x - 21 b 273x+1< 274
S 4x > 1 & 3x+1< -4
& x> l < —3x < =5
4 5
@ p—
x> 3

Note: Multiplication or division by a negative number reverses the inequality.

Method 2
Using technology

R il |

Solve 7 > 2, correct to 2 decimal places.

Solution A

Using the TI-Nspire:

1 Set to Approximate.

2 Type solve(7* > 2, x) then press .

[Ti DEG APPRX REAL i
so]ve(?xb»g,x) x>.356207187108 e
1799

Answer: x > 0.36 (correct to 2 decimal places).

Using the ClassPad:
1 Set to Decimal.
2 Type solve(7* > 2, x) then

press @& .

“ Edit Action Interactive iX]

o 00 ] 2 i I X

{x>8.3562071871} [[]

tolue(?"z)?, )

£y

l‘-Tlg Decimal Real Dega

«I
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Solution B

Using the TI-Nspire:

1 Type 7* into f1(x) and press .
2 Type 2 into f2(x) and press .

2] DEG APPRX REAL i

51Y
0.5 x
-5 0.5 5
»® )= |;]

3 To calculate the point of intersection,

press and select Intersection Point(s)
from the Points & Lines submenu.

4 Move the cursor to the point of

intersection to display its coordinates.

12 DEG APPRX REAL i
51y

/(0.356207,2) |
03] x
5

] 0.5

k

Answer: x > 0.36 (correct to 2 decimal places).

Using the ClassPad:

1 Type 7* into y1 and press €.
2 Type 2 into y2 and press €.
3 Tap to sketch the two

functions.

|V Edit Zoom Analysis ¢ Ile
FE () ] (o] BV ) €3] 0

Sheetl | Sheet2 | Sheet3 || 4| »

Deg Real o

To calculate the point of

105

intersection tap Analysis and select

Intersect from the G-Solve
submenu.

\V_Edit Zoom Analysis & _5d)|

Intersect
xc=0.3562871 | vc=2

|y1=?"x ] H

Dea Real [an]
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Exercise E

1

Solve for x:
a 3*=27 b 4 =64 c 49" =
d 16" = e 125 = f 5*=0625

1 1
g 168 =256 h 47 =— i 57 =——

64 125
Solve for n:

1
a 5" x25-1=125 b 3% =1 ¢ 32"71:8_1
3n -2
d o= =1 e 3 x 9t =27 f 27" x4 2=16
g 2n76=827n h 93n+3=27n72 i 4n+l=8n72
jo322n+l =gl k 25"*t1 =5 x 390625
1

1 12547 =56-2n m 4> "=_——

2048
Solve the exponential equations: .
a 257! x4+l =32 b 3%~ x 9" =243 c (27><3")2=27"><3§
Solve for x, without using your calculator:
a 427)=8(12") -4 b 8(2%)—102")+2=0
¢ 3x2% 1829 +24=0 d 9—-43)+3=0
Use the graphics calculator to solve, correct to 2 decimal places:
a 2*=5 b 4=6 c 10r=18 d 10*=56
Solve for x:
a 7" >49 b 8 >2 ¢ 25°<5 d 3t <38l

e 9%t <243 f 4%+ > 64 g 3%-2<38l

Use a graphics calculator to solve, correct to 2 decimal places.

a 5" <10 b 6*>4 c 37 <38

Use algebraic methods to solve for x: 0.257* — 1 =2 x 0.25*.
Validate your answer using your calculator.

5\ (1-2x)
Use algebraic methods to solve for x: (5) > 0.216.
Validate your answer using your calculator.

Solve for x, without using your calculator:

a 7' -7 =33647 b 3*—32r=38
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3.4 Graphs of exponential functions

Two types of graphs will be examined.

Case 1: Graphsof y=a*, a> 1

- [EmEE

Use the given table to plot the graph of y = 2%, showing axes intercepts. State the equation of

the asymptote. Use a graphics calculator to validate your plot. (See Example 16.)

Solution

x |21 o] 1] 2
y=2¢1025|05| 1 | 2 | 4

The x-axis, y = 0, is the asymptote, and the y-axis intercept is (0, 1).

119y
10+
9_
8_
7_
6_
5_
44
34

Example 14

Use the given table to plot the graph of y = 10%, showing axes intercepts. State the equation of
the asymptote. Use a graphics calculator to validate your plot.

Solution

X -1 |-05| O 0.5 1
y=10"| 0.1 |0.316| 1 3.16 | 10

The x-axis, y = 0, is the asymptote, and the y-axis intercept is (0, 1).
It is worth noting at this stage

that for a and b positive %(1):‘ y

numbers > 1, there is a positive 9

number 4 such that * = b. This g:

can be seen from the graphs of 6

y=2"and y = 10". 45;:

Using technology to solve g:

2% =10, graphically, gives &L—

k=3.321928.... 3 o 1 -1 1 2 3x
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Hence. 10* = (23.321928...)x — 2(3.321928...)x.
This means that the graph of y = 10 can be
obtained from the graph of y = 2* by a dilation of factor:
_ 1
©3.32928°

.. from they-axis (see plot ).

This shows that all graphs of the

form y = a*, where a > 1, are related 4’

to each other by dilations from the y-axis. -3 -2

For y = a* the larger the base a the
closer to the y-axis for any y value (y # 1 and y > 0).
This will be discussed again later in the chapter.

Case 2: Graphsof y=0a*,0<a< 1

[

Use the given table to plot the graph of y = (%)X, showing axes intercepts. State the equation
of the asymptote. Use a graphics calculator to validate your plot.

Solution

X =3 | =2 | =I 0 1 2 3
y = (%)x =2 8 4 2 1 0.5 | 0.25 |0.125

The x-axis is an asymptote, and

the y-axis intercept is (0, 1).
ForO<a<l1l,y=a"is

equivalentto y = b7,

where b = —.
a

|
W

|
N

|
—_

|
—_

1
—_
\]
w
=Y

The graph of y = a™ is obtained
from the graph y = a* by a reflection
in the y-axis. For example, the graph
of y = ()" is obtained from the
graph of y = 2* by a reflection in
the y-axis and vice versa.

For y = a™* the larger the base 0, 1)

a the closer to the y-axis for

any y value (y # 1 and y > 0). -3
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Example 16

Plot the graph of y = 2* and, hence, find the value of:

a ywhen x = 2.1, correct to 3 decimal places
b xwheny =9

Solution

Using the TI-Nspire:

a

1 Type 2* into f1(x) and press .

2] DEG APPRX REAL "]

6|V
f1(x)=2%
_«/’M/ X
-6 0.5 6
3 3

2 Press (T) to view a table of values.

3 Press and select Edit Function
Table Settings from the Function
Table submenu.

= 1: Actions " DEG APPRX REAL ]
2:Insert )

1353: Data . x (A
4: Statistics M

5:{1: Switch to Lists 8 Spreadsheet (Ctrl+T)
2: Select Function

4: Delete Column
S: Edit Function Expression

31 8.

0¥ 4| 16

® ol 4

{IC .

Using the ClassPad:
a

1 Type 2* into y1 and press @9 .

2 Tap to sketch the graph.

|V Edit Zoom Analysis 4 IZ]I
(e o] o] RN B3 O

Sheetl [ Sheet2 | Sheet3 [|4[»

[gy1=2x
Oy2:
Oy3:
Oy4:
Oy5:
Oyé:
Oy7:
| - P

ioooooo

Deg Real Lam]

3 Tap Analysis and select y-Calc
from the G-Solve submenu.

y-Intercept
Intersect

Inflection
Distance
nffixiedx
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Input the following: When prompted by the x value,
Table Start: 2.1 type 2.1 and tap OK.

Table Step: 0.1 [ Edit Zoom Analysis ¢ 09|

Then press .

2 DEG APPRX REAL 7]

6| x  [fi{x):.¥

28%

2128704 2

ﬂ(x)= 2.2[4.59479

2.3/4.92457

2.4[5.27803
] o 25[56568y |
<4 |1 «p=e7oesssonasay |

Therefore, y = 4.287 when x = 2.1

b b

1 Type 9 into f2(x) and press . 1 Tap Analysis and select x-Calc

2 To calculate the point of intersection press from the G-Solve submenu.
and select Intersection Point(s) 2 When prompted by the y value,
from the Points & Lines submenu. type 9 and tap OK.

3 Move the cursor to the point of [ _Edit Zoom Analysis ¢ 64|

intersection to display its coordinates.

F DEG APPRX REAL 7]
15 |¥ :0
:0
:0
f2(x)=9 0
(3.16993,9) 0

: f1l=2* .

4 0.5 8

-3

Deg Real

Therefore, when y = 9, x = 3.170, correct to 3 decimal places.

Transformations of exponential functions

- [EEm

Sketch the graphs of each of the following functions. Give equations of asymptotes and y-axis
intercepts of each of the functions. (Note: x-axis intercepts need not be given.)
a y=2"43 b y=2x3"+1 c y=-3"42
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Solution
a For the function y = 2* 4 3, the corresponding graph is obtained by transforming
the graph of y = 2* by a translation of 3 units in the positive direction of the y-axis.
The asymptote of y = 2¥, with equation y = 0, is transformed to the asymptote
with equation y = 3 for the graph of y = 2* 4 3.
When x =0,y=2°+3 =4,
Hence, the y-axis intercept is 4.

y=2"+3

b For the function y = 2 x 3* 4 1, the corresponding graph is obtained by
transforming the graph of y = 3* by a dilation of factor 2 from the x-axis, followed
by a translation of 1 unit in the positive direction of the y-axis.

The asymptote of y = 3%, with equation y = 0, is transformed to the asymptote
y =1 for the graph of y =2 x 3* + 1.
The y-axis intercept is given by x =0, y =2 x 3 41 = 3.

y y=2x3"+1
y=3
,,,,,,,,,,,,,,,,, y=1
0 x

¢ For the function y = —3* 4 2, the corresponding graph is obtained by
transforming the graph of y = 3* by reflection in the x-axis, followed by a
translation of 2 units in the positive direction of the y-axis.
The asymptote of y = 3*, with equation y = 0, is transformed to the asymptote
y = 2 for the graph of y = —3* + 2.
The y-axis intercept is given by x =0, y = =3 42 = 1.




112 Queensland Mathematics B Year 11

Example 18

Sketch:
a y=2x3 b y=3¥ c y

Il
W
N =

d y=-3%+4

Solution

a The graph of y = 2 x 3" is obtained from the graph of y = 3* by a dilation of
factor 2 from the x-axis.
The horizontal asymptote for both graphs has equation y = 0.

X -2 —1 0 1 2
1 1
3% — — 1 3 9
9 3
2 2
2 x 3 — — 2 6 18
9 3
y (1,6)
y=3

b The graph of y = 3?* is obtained from the graph of y = 3* by a dilation of factor

7 from the y-axis. For example:

1 1
1 1
3 5 3 3 9
1 1
3% 5 ;| 3|
y
y=3%
y=3
e 1,3
1 ( 9 )
y=0 0 x

The horizontal asymptote for both graphs has equation y = 0.
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¢ The graph of y = 3% is obtained from the graph of y = 3* by a dilation of

factor 2 from the y-axis. For example:

1 1
-2 -1 —— — 1 2
* 2 2
1 1
3% — — V3 3
3 V3
¥ 1 1
32 — — V3 3
3| V3
A
y e
y= y=35
(3 (2,3)
I
y=0 0 x

d The graph of y = —3%* + 4 is obtained from
the graph of y = 3* by a dilation of factor %
from the y-axis, followed by a reflection in
the x-axis followed by a translation of 4 units

in the positive direction of the y-axis.

Using technology

Using the TI-Nspire: Using the ClassPad:
a a
1 Select the Graphs & Geometry application. 1 Select the Graphs and Tables application
2 Type 3"\x into f1(x) then press Giurp. by tapping on J@ :
3 Type 2 X 3"x into f2(x) then press Giery. 2 Type 3"x into y1 then press €.
Make this a bold line. 3 Type 2 X 3"x into y2 then press @9.
' Make this a bold line.
2] RAD EXACT RECT ]
K
k
.5
X
4 0.5 2
-1
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4 Tap to sketch the two functions.

|‘V Edit Zoom Analysis + IZII
e (] o Y ) E5] 0

2
-4
-1
| 1=
Rad Real -]

b b

1 Type 3"x into f1(x) then press . 1 Type 3”x into y1 then press @.

2 Type 3”(2x) into f2(x) then press . 2 Type 3”(2x) into y2 then press E&.
Make this a bold line. Make this a bold line. Now tap [#].
F RAD EXACT RECT | [ _Edit Zoom FAnalysis ¢ D]

a|? N [ ] o R M B3 0

/ﬁ% x :
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c
1 Type 3"x into f1(x) then press Gr).

2 Type 3"\(x/2) into f2(x) then press Gy
Make this a bold line.

2] RAD EXACT RECT [}
4 ¥
k
J x
5 0.5 4
-1

d

1 Type 3"x into f1(x) then press G

2 Type —3”(2x) + 4 into f2(x) and then
press G, Make this a bold line.

RAD EXACT RECT ]
6 y

c

1 Type 3"x into y1 then press @®.

2 Type 3"(x/2) into y2 then press €.
Make this a bold line. Now tap [#].

|‘V Edit Zoom Analysis + IZII
e (] o Y ) E5] 0

4
-5
-1
[ E
Rad Real -]

d
1 Type 3"x into y1 then press E&.

2 Type 3 (2x) + 4 into y2 then press €.
Make this a bold line. Now tap [#].

|‘V Edit Zoom Analysis + IZII
e (] o Y ) E5] 0

Rad Real -]
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Extra example relating to an x translation

Using the TI-Nspire: Using the ClassPad:
1 Select the Graphs & Geometry application. 1 Select the Graphs and Tables application
2 Type 3"x into f1(x) then press G by tapping on ;@ .
3 Type 3" (x — 2) into f2(x) then press (. 2 Type 3"\ x into y1 then press €.
Make this a bold line. 3 Type 3"(x —2) into y2 then press @©.
.im RAD EXACT RECT i Make this a bold line.
5|7 4 Tap to sketch the two functions.

[ExamplesRERT L

B 13-15) 2

(B e) 3

B 17,18 S

W _Edit Zoom Analysis ¢ )|

_//Q"’/ x

Rad Real g

Exercise [€]B

Using your calculator, plot the graphs of the following and comment on the similarities and
differences between them:

a y=138" b y=24" c y=0.9" d y=0.5*

Using your calculator, plot the graphs of the following and comment on the similarities and
differences between them:

a y=2x3" b y=5x3" c y=-2x3" d y=-5x3F

Plot, using your calculator, the graph of y = 2* for —4 < x < 4 and, hence, find the
solution of the equation 2* = 14.

Plot, using your calculator, the graph of y = 10" for —0.4 < x < 0.8 and, hence, find the
solution of the equation 10* = 6.

Sketch the graphs of these functions. Give equations of asymptotes and state y-axis
intercepts. (Note: x-axis intercepts need not be given.) Validate, using your calculator.

a y=3x2"42 b y=3x2"—3 ¢ y=-3-2

1X
d y=-2x3"+42 ey=<§> +2 f y=-2x3"-2
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6 Sketch each of the following. Validate, using your calculator.

3.5

X
a y=2x5 b y=3% c y=52 d y=-3>*42

Logarithms

Many functions are of the type a” = x. For example:
a slide rule scale

the Richter scale for the strength of an earthquake
the decibel scale measuring sound loudness
certain population growth

a FM radio dial scale

measure of the acidity of a solution

fading at the end of a recorded song
For these functions x is the independent variable and y is the dependent variable (as per
previous work). In such functions, x is often known and y is to be calculated. An efficient and
direct evaluation of y requires expressing y as a function of x; that is, y = f(x).
This function is log.

..a’ = x is written as y = log,, x.

Consider 23 = 8.
To make the index 3 the subject of this statement, it is written in the equivalent and
alternative form:

3=1log,8

Further examples are given:

B 32 = 9isequivalent to logy 9 = 2.

B 10* = 10000 is equivalent to log;, 10000 = 4.

B 1072 =0.01 is equivalent to log;, 0.01 = —2.

[ | % =27* = 0.0625 is equivalent to log, 0.0625 = —4.
B ° = 1isequivalent to log, 1 = 0.

In general:

a” = x is equivalent to y = log, x.
i.e. y is the index to which a is raised to equate to x.
Similarly,
a* =y is equivalent to x = log, y.
i.e. x is the index to which « is raised to equate to y.
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Example 19

Without the aid of a calculator, evaluate:
a log, 32 b log; 81 ¢ log;,0.1

Solution

a Letlog,32 =y.
2V =32
2V =25
Therefore, y = 5, giving log, 32 = 5.
b Letlog; 81 = x.
3* =81
3¢ =34
Therefore, x = 4, giving log; 81 = 4.
¢ Letlog,,0.1 =y.
107 = 0.1
10" = 107!
Therefore, y = —1, giving log,, 0.1 = —1.

Laws of logarithms

Letx = a” and y=a" where x, y and a are positive real numbers.
o.m=log,x and n =log,y
1 xy=d" xa"

— am+n

clog(xy)=m + n
but m = log, x and n =log,y
.. log,(xy) = log, x +log, ¥

log, (xy) = log, x + log, y Rule 1

For example:

log;, 200 + log,, 5 = log;, (200 x 5)
- loglo (1000)
=3
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X
. log, <—) =m-—n
y

= 10gax - loga y

log, (f) = log,x —log, y Rule 2
y

For example:

12
log, 12 — log, 3 = log, 5

= log, 4
=2

3 Given: log, (£> =log,x —log,y and x =1
Y

1
loga (_) = loga 1 - logay
Y
=0- loga Yy
= _1Ogay

1
log, (—) = —log,» Rule 3
y

For example:

1
log |, <m> = —log, (100)
=-2

4 Consider x" = (a™)"

zamn

Taking log, of both sides:

log, x" = log, (a™")
=nm

=n log, x
log, (x") = log, x Rule 4

For example:

log; (25) = log; 5°
=2log; 5
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Example 20

6
Without using a calculator, simplify 2 log,, 3 4 log;, 16 — 21og,, 3
Solution
6 5 6
2log;y3 + log;, 16 — 2log, 3= log,, 3 + log,, 16 — log, 3

36
= log;( 9 + log; 16 — logy 25

25
=1 9x 16 x —
0go ( x 16 x 36)

= log,,(100)
=2
Solve for x:
a logsx =3 b logs(2x +1)=2
¢ log,(2x +1) —log,(x — 1) =4 d log;(x — 1)+ logz(x +1) =1
Solution
a logsx =36 x=5 =125
b logs(2x+1)=2&2x+1=75
S 2x+1=25
2x =24
x =12
¢ log,(2x +1) —logy,(x — 1) =4
2 1
Then, 10g2< Al ) =4
x—1
2x +1 Y
x—1
& 2x+1=16(x—1)
Then, 17 = 14x
17
Hence, — =X
14

d log;(x — 1)+ logs(x +1) =1

Therefore, logy((x — 1)(x + 1)) = 1, which implies x> — 1 = 3 and x = £2.

But the expression is not defined for x = —2. Therefore, x = 2.



Chapter 3 — Exponential functions and logarithms

Exercise fo|=

1 Without using a calculator, evaluate:

[Example i)

G2 21

3

4

a log;27 b logs 625
d 1 ! 1 4
og, | — e lo
24 64 8x X
g logy; 10000 h logio0.000 001
j —4logie 2 k 2log;9

1
C 10g2 <ﬁ)

f log,0.125
i —3logs 125
1 —4 10g16 4

Use the stated rule to give an equivalent expression in simplest form.

a log,10 + log,a
¢ log,9 — log,4

1 1
1 - f 1 _

€ 0g5<6) 0g5(25>
g logy(a’) h log,(8%)

Without using a calculator, simplify:

1
a 5 log, 16 + 2logy 5

¢ log, 128 + logsz 45 — logs 5
e log, b° — log, v/b
g xlogy 8 + logy 8!~

Solve for x:

a log39=x
¢ logsx=-3

e logy2 4+ logy 5 + log;y x —log;y3 =2
g log, 64 =2
logs (x +2) —logz 2=1

Solve for x:

1
a logx(5> =-2

¢ logs (x+2)—logs6=1
e logs(x> =3x—1)=0

Iflog,, x = a and log,, ¥ = ¢, express log,, (

b log;y5 + log;,2
d log,10 — log,5

=

— B em T

d
f

100x3y_%

Rule 1
Rule 2
Rule 3
Rule 4

log, 16 + log, 8

logs 32 — logy 27
2log, a + log, a®

3 log, a — log, </a

logs x=3
logjo x = logio 4 + logjo 2

1
logio x = 5 logio 36 — 2 logyo 3

logs 2x —3)=3
log, 0.01 = -2

logs 2x—1)=3

logs B3x +4) + logs 16 =5
logs (x> =3x+1)=0

) in terms of ¢ and c.

ab? c?
Prove that log, (—) + log, <_b> — log,, (bc) = 0.
c a

11 490 7 '
log, <7> + log, (ﬁ) — 2log, <§> = log, (k). Find .

121
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9 Solve for x:

logio (x> — 2x + 8) =2 logjo x b logio (5x) — logyo (3 — 2x) =1
3 logip (x — 1) =logyp 8 d logjp (20x) — logjp (x — 8) =2
2 logyp 5+ logio (x + 1) =1 + logyo 2x + 7)

1+ 2logyo (x+ 1) =logio 2x 4+ 1) 4 logio (5x + 8)

- O 6 &

Using logarithms in the solution of exponential
equations and inequations

Laws of logarithms
5 Consider x=a"
m = log, x

Taking log,, of both sides:

log, x = log, (™)

=m log, a
log,x
log,a
lo
s log, x = o Rule 5 Change of base rule
log, a

Using technology

The graphics calculator can evaluate log;, (), which is commonly written as log ().

The calculator can also evaluate log, (), which is commonly written as In ().
e ~ 2.71828... (Euler’s number; pronounced ‘Oiler’) is an important irrational number.
Evaluate log, 5.

Using logyy
Using the TI-Nspire: Using the ClassPad:
1 In the Calculator application 1 In the Main application press Geywam -
press (&5, (This gives a template 2 Tap then type 5).
for a logarithm with any base.) 3 Tap or press (&), then tap (log), then
type 2).
K DEG APPRX REAL "]
log ('::) K|
i |

2 Type 10 into the base.
3 Type 5 in between the brackets.
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4 Move the cursor to the end of the
expression and then press ().

5 Repeat steps 1 to 3 but place a 2 in
the brackets.

1.1 DEG APPRX REAL
(s)og (2)|
10 .10

6 Press Gy,
EEl DEG APPRX REAL 2

log (5 2.32192809489 |
10

log (2)
10

—p]m

log

3

Using log,

Using the TI-Nspire:

Set to Approximate mode.
Press .

Type 5).

Press .

Press .

Type 2) then press .

[ DEG APPRX REAL

In(5) 2.32192809489
In(2)

l

A N A W N -

13 D

(Dm|

4 Press @D.
[ Edit Action Interactive X

8 000 o] O P

log(S)/ log(2)
1]

v

2.321928895

b

[mth [abc [cat | 2D |
nle|ife| ]|, [2]x|y]|z|z]e
log [ In [ ¥ [i[7[8]2][*]=)
x2 | e* | xt i
[ ENIEETR
C 1 (= | . |e||ans
TRIG | CALC |OPTN | VAR |EXE
Ala Decimal Real Dea quy

~

s
4]

L8] e ]
x

Using the ClassPad:

1 Set to Decimal mode.

2 Press G,

3 Tap (in] then type 5).

4 Tap or press (), then tap (In), then
type 2).

5 Press @o.

W Edit Action Interactive iX!

] O ] 2 0 v I

In(5>/1n(2) -
2.321928695
0

[mth [abe [cat | 20 23]
nléfifo] 5] |2 ]x]y]=|z]e

log | In ¥ g19]|"|=
xe | €% | x1 4156 ||x|+
{ > =l 2|3||+]|-
C 1 [ <= | . |e]|ans

TRIG | CALC |OPTN| VAR |EXE
Ala  Decimal Real Deg (]

In section 3.3, two methods were shown for solving exponential equations and inequations.

Method 3 uses logarithms, as above.
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Method 3

Using logarithms

e

Solve for x, if 2* = 11.

Solution .
) Using log,:
Using log:
log 11 _Inll
X = og = In2
log2
Lodl4 _2.3979
_ = ©0.6931
0.3010

. = 3.46 (to 2 decimal places)
=3.46 (to 2 decimal places)

- EEE

Solve 32 —1 = 28,

Solution
Using log:

;L 2x ~ 4.0331
cox =2.017 (to 2 decimal places)

Example 24

Solve {x : 0.7* > 0.3}.

Solution
Using log,:
In 0.3
x <
~ In0.7

—1.2040

<
— —0.3567
C.x <338 (to 2 decimal places)

The inequality is reversed because of division by In (0.7) < 0.
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)

Sketch the graph of y = 2 x 10 — 4, giving the equation of the asymptote and axes intercepts.

Solution
For y-axis intercept, x = 0. J
y=2x10°— 4 g
=2-4
=-2
. . 0 logy(2)
The equation of the horizontal > P
_
asymptoteisy=-4.  TTTTTTooooooooooqpooooooooooooes T
For x-axis intercept, y = 0. g
2x10°=4=0
2x10° =4
10 =2
. x =log2
=0.3010 (correct to 4 decimal places)
Using technology
Using the TI-Nspire: Using the ClassPad:
1 In the Calculator application press 1 In the main application, press (eyoard
to access the log template. then tap the tab.
KKl | DEG APPRX REAL | 2 Tap to access the log template.
fat] =
log L—:(‘-') H‘ 3 Type the desired number into the base.

4 Type the desired number in between the

brackets and then press @& to evaluate
3 Type the desired number in between the the expression.

brackets and then press to evaluate

2 Type the desired number into the base.

the expression [ Edit Action Interactive X}
pression R T s |
i 2] RAD APPRX REAL ] logg(10) =
= 1.438675558
log (10) 1.43067655807 + log,_ (18
: -1
log (10) 1, loa_,(18)
1 ERRCR:Mon-Real in Calc
log (10) "Error: Non—real result" 0 >
2 [mth[abc [eat | 20 |EI2]E]
| [x]ei[o]<|>]s |2 |axy|z]z]*|
- = HEEEE
: L Tl
399 x | € g'|;123+-
|-||()|{}|{5 al.|e|lans
CALC I ADY VAR |EXE
Ala Decimal Real Rad g
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R 22,23] 1

[Exemic XY 2

B 25) 3

Exercise Ei

Solve each of the following, correct to 2 decimal places:

a 2*=7 b 2=04 c =14

d 4°=3 e 277=0 f 03*=2

g 55 =372 h 8 =2005+! i 33 '=10

j 021 =0.6

Solve for x. Give values correct to 2 decimal places if necessary.

a 2*>8 b 3*<5 c 03*>4

d 3* 1<7 e 04°<03

Sketch the graph of each relation below, giving the equation of the asymptote and axes
intercepts. Validate, using your calculator.

a y=2"—-4 b y=2x3"-6 c y=3xe" =5
d y=-2x10"+4 e y=—-3x246 f y=5x2"-6
During the initial period of its life, a particular species of tree grows in the manner

described by the rule d = dp10™, where d is the diameter of the tree in centimetres, ¢ years
after the beginning of this period. The diameter after 1 year is 52 cm and after 3 years is
80 cm. Calculate the values of the constants d and m.

3.7 Graph of y = log, x, where a>1

A table of values for y = log,, x is given below. (The values are correct to 2 decimal places.)

Use your calculator to check these values.

functions all have this same basic shape. 1

X 0.1 1 2 3 4 5
y=logx| —1 0 |0.30] 048] 0.60 | 0.70

Note that log;,1 = 0 as 10° = 1.
y= logmx

For a > 1, the graphs of logarithm
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Example 26

Use a table of values to sketch each of the following. Determine any axes intercepts and the
equation of the asymptote.

Solution
a
X 0.1 1 2 3 4 5
y=1+41logyx 0 1 1.30 1.48 1.60 1.70
At x-intercept, y = 0. o
0=1+log,x 27 y=1+logjox
x=10"
— o1 N y=logjox
The asymptote is x = 0.
-l I 2 3 4 5 6 7 8§ 9 10 1x
—11
b X 0.1 1 2 3 4 10
y=—1+log,,x —2 —1 —0.7 —0.52 —0.4 0
At x-intercept, y = 0.
0:_1+10g10x “
1 y y=1logygx
X = 10 14 10
=10
The asymptote is x = 0.
—Il lIO lll x’
y=-1+log|gx
14
-

In general:
If y = d + log, x, then the plot y = log, x is shifted d units from the x-axis parallel
to the y-axis.
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Using technology

Using the TI-Nspire:

a

1
2
3

Select the Graphs & Geometry application.

Type log,((x) into f1(x) then press .
Type 1 4 log;o(x) into f2(x) then

press Gy, Make this a bold line.

Press and select Intersection Point(s)
from the Points & Lines submenu to

calculate the axes intercepts.

2] RAD EXACT RECT ]
2 y
0.2 .
3(0.1,0)p 11
k
-1

Type log;,(x) into f1(x) then press .
Type —1 4 log,,(x) into f2(x) then

press . Make this a bold line.

Press and select Intersection Point(s)
from the Points & Lines submenu to
calculate the axes intercepts.

2] RAD EXACT RECT ]
¢ 7
0.2 (10,0) 4
0. 12
k
2

Using the ClassPad:

a
1

Select the Graphs and Tables application
by tapping on ;@ .

Type log,o(x) into y1 then press €.
Type 1 4 log;((x) into y2 then press
@9 . Make this a bold line.

Tap to sketch the two functions.

Tap Analysis and select x-Calc from the
G-Solve submenu to calculate the axes

intercepts.
¥ Edit Zoom Analysis 4 EII
N
12
-1
x=Cal
x»c=18 - Yo=a
ly2=—1+logx) |
Rad Real 41D

Type log,,(x) into y1 then press @9 .
Type —1 + log,((x) into y2 then press
&9 . Make this a bold line.

Tap to sketch the two functions.
Tap Analysis and select x-Calc from the
G-Solve submenu to calculate the axes

intercepts.

W Edit Zoom Analysis 4 EI
= [EE[EEE g [N [ER
1

12

x-Cal
xc=18 & ve=0

v2=—1+log(x) E.

Rad Real qmj
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(]

Use a table of values to sketch each of the following. Determine any axes intercepts and the
equation of the asymptote.

1
a y=2log,x b y=-2log,x ¢ yz—ilogzx
Solution
a x 1 | 2 | 4

y=2log, x 0 2 4

At x-intercept, y = 0.

2
.. 0=2log,x 34
X = 20 2
— 1 1
The asymptote is x = 0. :;:
—3
—4-
—5]
b e 1 2 4
y=-2log, x 0 —2 —4
At x-intercept, y = 0. y
0= —2 1Og2x 4 y=-2log,x
x =20
=1

The asymptote is x = 0.
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¢ X 1 2

1
y=—§log2x 0 ==

At x-intercept, y = 0.

1
S 0=—=1
3 08, X
x =20
=1

The asymptote is x = 0.

—_ N W R

-5

Note: If y = klog, x, then the plot y = log, x is dilated k units from the x-axis parallel to the

y-axis.

Using technology

Using the TI-Nspire:

a

1
2
3

Select the Graphs & Geometry application.
Type log,(x) into f1(x) then press .

Type 2 log,(x) into f2(x) then press .
Make this a bold line.

Press and select Intersection Point(s)

from the Points & Lines submenu to calculate

the axes intercepts.

i B RAD EXACT RECT [}
5 ¥
0.5 X
! 0. ( 1’0) 5
k
5

Using the ClassPad:

a

1 Select the Graphs and Tables application
by tapping on == |

2 Type log,(x) into y1 then press @& .

3 Type 2 log,(x) into y2 then press €.
Make this a bold line.

4 Tap to sketch the two functions.

5 Tap Analysis and select x-Calc from the
G-Solve submenu to calculate the axes
intercepts.

Note: To obtain log,(x), press
then tap the tab and select the log
template.

|‘V Edit Zoom Analysis + IZII
i (I ] o BV TR E5] 0

5
-1
x-Cal
xc=1 o yo=8
[y2=2-109¢2, x> 1=
Rad Real -]
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b
1 Type log,(x) into f1(x) then press .

2 Type —2log,(x) into f2(x) then press .

Make this a bold line.

3 Press and select Intersection Point(s)
from the Points & Lines submenu to calc-

ulate the axes intercepts.

2] RAD EXACT RECT ]
v
? 3
1,0)
0.5 ' x
1 0. 5
5

1 Type log,(x) into f1(x) then press .

2 Type —(1/2)log,(x) into f2(x) then
press Gy, Make this a bold line.

3 Press and select Intersection Point(s)
from the Points & Lines submenu to calc-

ulate the axes intercepts.

2] RAD EXACT RECT ]
517 (Y
0.5 ( 170 ) x
1 0. 5]
5

1 Type log,(x) into y1 then press €.

2 Type -2 10g,(x) into y2 then press €.
Make this a bold line.

3 Tap to sketch the two functions.

4 Tap Analysis and select x-Calc from the
G-Solve submenu to calculate the axes

intercepts.

|‘V Edit Zoom Analysis + IZII
(] o] (o R B E5] 3

5
-1
x=Cal)
xc=1 o yo=8
[y2=-2-109¢2, x> 1=
Rad Real -]

1 Type log,(x) into y1 then press €.

2 Type —(1/2)log,(x) into y2 then press
&9 . Make this a bold line.

3 Tap to sketch the two functions.

4 Tap Analysis and select x-Calc from the
G-Solve submenu to calculate the axes
intercepts.

|‘V Edit Zoom Analysis + IZII

x-Cal

xc=1 o wo=@
[y2=-1/2-10g¢2, %> 1=
Rad Real -]
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Example 28

Use a table of values to sketch each of the following. Determine any axes intercepts and the
equation of the asymptote.

a y=log;(x—1) b y=log;(x +2)
Solution
a X 2 4 10

y=logs(x — 1) 0 1 2

At x-intercept, y = 0.

y
.
S 0=log; (x — 1)
x—1=230 14 y=logyx y=log,(x—1)
x_1:1 T T T T T T T —>
x =2 1 /2 3 4 5 6 7 8 9 10%
—14
The asymptote is x = 1.
-2
b X —1 1 7
y=logz(x +2) 0 1 2

At x-intercept, y = 0.

.o 0=log; (x +2)

x+2=23°
x+2=1
x =—1

The asymptote is x = —2.

Note: If y = log,(x + ¢) then the plot y = log,, x is shifted c units from the y-axis and parallel
to the x-axis.
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Using technology

Using the TI-Nspire:

a

1
2
3

Select the Graphs & Geometry application.
Type log;(x) into f'1(x) then press .
Type log;(x — 1) into f2(x) then press .
Make this a bold line.

Press and select Intersection Point(s)
from the Points & Lines submenu to calc-
ulate the axes intercepts.

1.2 RAD EXACT RECT ]
—

b.5

Type log;(x) into f1(x) then press .
Type log;(x + 2) into f2(x) then
press Gy, Make this a bold line.

Press and select Intersection Point(s)
from the Points & Lines submenu to calc-
ulate the axes intercepts.

RAD EXACT RECT ]

ﬁ
—_
(=]

\E
-

=~
=
=]
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Using the ClassPad:

a

1 Select the Graphs and Tables application
by tapping on =570 .

2 Type log;(x) into y1 then press Eo.

3 Type log;(x — 1) into y2 then press @ .
Make this a bold line.

4 Tap to sketch the two functions.

5 Tap Analysis and select x-Calc from the
G-Solve submenu to calculate the axes
intercepts.

|V Edit Zoom Fnalysis Izll

=1

=-Cal
®c=2 L vc=@
[v2=log(3, x-13 _]
Rad Real i)

1 Type log;(x) into y1 then press @9.

2 Type log;(x + 2) into y2 then press & .
Make this a bold line.

3 Tap to sketch the two functions.

4 Tap Analysis and select x-Calc from the
G-Solve submenu to calculate the axes

intercepts.

|V Edit Zoom Fnalysis Izll

=-Cal
xo=—1 L vc=@
[v2=loa(a, x+2) 15
Rad Real i)
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Example 29

Use a table of values to sketch each of the following. Determine any axes intercepts and the
equation of the asymptote.

X
a y=log(3) by =logs (2x)
Solution
a x 1 2 4 8 16
X
y=log, (—) 2| =t o | 1| 2
4
At x-intercept, y = 0. y
0 _ 10g2 (z) 24 y:10g2x
| el
4
%:1 27456 7891011121314151617
x =4 1
The asymptote is x = 0. 2
b 1 1| 5 | 25
x — p— — —
10 2 2 2
v =logs (2x) —1 0 1 2
At x-intercept, y = 0. yz !
y =logy2x
c.0= 10g5 (2x) 14 y=log,x
2x =50
2":11 S l/i23 45678 910111213147
X = E 1A
The asymptote is x = 0. .

1
Note: If y = log,(bx), then the plot y = log, x is dilated 5 units from the y-axis parallel to the
X-axis.
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Using technology

Using the TI-Nspire:

a

1
2
3

b

1

Select the Graphs & Geometry application.

Type log,(x) into f1(x) then press .
Type log,(x/4) into f2(x) then press .
Make this a bold line.

Press and select Intersection Point(s)
from the Points & Lines submenu to
calculate the axes intercepts.

2] RAD EXACT RECT ]
3|7

0.5 =

2 ( 4,0 ) 18
5 k

Type logs(x) into f1(x) then press .

2 Type logs(2x) into f2(x) then press .

Make this a bold line.

135

Using the ClassPad:

a

1 Select the Graphs and Tables application
by tapping on

Graph&iTab.

2 Type log,(x) into y1 then press €.

3 Type log,(x/4) into y2 then press €.
Make this a bold line.

4 Tap to sketch the two functions.

5 Tap Analysis and select x-Calc from the
G-Solve submenu to calculate the axes

intercepts.

|V Edit Zoom Analysis + IZI|
(] o] (o B EW B 5] [T
3

xo=4
[y2=109¢2, x/4) | 14
Rad Real L)

b
1 Type logs(x) into y1 then press €.

2 Type logs(2x) into y2 then press @& .
Make this a bold line.
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3 Press and select Intersection Point(s) 3 Tap to sketch the two functions.
from the Points & Lines submenu to calc-

4 Tap Analysis and select x-Calc from the
ulate the axes intercepts.

G-Solve submenu to calculate the axes

im RAD EXACT RECT ] mtercepts.
3V
? [ ¥ Edit Zoom Analysis ¢ Ell

i (T ] o RV R S50
3

1

L8]
=
-
-
=
==
N

zc=0.5 = yo=0 xtal
[v2=lo0g(5,2 % | 14
Rad Real L)
Using technology
Using the TI-Nspire: Using the ClassPad:
Note: At the time of writing, the current a
operating system does not support Type log(x) + {—2,—1,1,2} into yl
list graphing. and press @ . Tap to see all
a graphs.
Type log(x) — 2 into f1(x) and press . [ Edit Zoom Analysis ¢ [zl—l
Type log(x) — 1 into f2(x) and press .
Type log(x) + 1 into f3(x) and press . Sheetl [Sheet2 | Sheet3 [[4]

1[a

_ By1=10g(x)+{-2,~1 +(
Type log(x) + 2 into f4(x) and press . gswg: o
v3:

2] RAD EXACT RECT ] B§§

4 Oyé:
Oy7:
Ovyg:

pDoooooo

0.5

-2

il
]

Deg Real qinj
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b

Type —2 log(x) into f1(x) and press .
Type —log(x) into f2(x) and press .
Type log(x) into f3(x) and press .
Type 2 log(x) into f4(x) and press .

I B RAD EXACT RECT ]
PR
0.5 X
2 5
4 k

c

Type log(x — 2) into f1(x) and press .
Type log(x — 1) into f2(x) and press .
Type log(x + 1) into f3(x) and press .
Type log(x + 2) into f4(x) and press .

I 1B RAD EXACT RECT ]
y 2 |”
0.5
X
4 0.5 5
2

d

Type log(—2x) into f'1(x) and press .
Type log(—x) into f2(x) and press .
Type log(x) into f3(x) and press .
Type log(2x) into f4(x) and press .

1.1 RAD EXACT RECT ]
N
0.5 =
-5 \ f({ 5
LY
-3

b
Type {—2, —1, 1,2} log(x) into y1 and press
3. Tap to see all graphs.

N _Edit Zoom Analysis ¢ _B9)|
o Bl e B\ R E3 0
Sheetl | Sheet2 | Sheet3 || 4] »

Eyl={-2,-1,1,2} I [—1[4]
Ov2: 0 3=1ls1,

o

b
D
booooo

Deg Real [}

c
Type log(x) + {—2,—1,1,2}) into y1 and
press @o. Tap to see all graphs.

N Edit Zoom Analysis 4 IZ][
HES ] g [VoES]v

Sheetl [ Sheet2 [ Sheet3 |4}
Eyvl=log(x+{-2,-1, v [—][&
Oy2:0
:0
:0
:0
:0
:0
8:

Dea Real [aD]

d
Type log({ —2, —1,1,2}x) into y1 and press
@9. Tap [#] to see all graphs.

] N Edit Zoom Analysis 4 |Z|[
B ] (5] B\ MW S50

Sheetl | Sheet2 ] Sheet3 [ 4]
Eyl=log({-2,=1,1,y[—][&
¥

a

<

o
poooooo

Dea Real (D]




138

R 26,27

[EEIRR 28,29

Queensland Mathematics B Year 11

1

Use a table of values to sketch each of the following. Determine any axes intercepts and
the equation of the asymptote.

1
a y=1+4log,x b y=-2+logsx c y=§+log3x
d y=3log,x e y=—2logy;x f y=0.5xlog,x
a Express as a log function:
i y=10"% i y=10%
b Express as an exponential function:

Find an equivalent log or exponential function for:

a y=3"42 b y=log,(x —3) c y=4x3"42
d y=5-2 e y=log,(3x) f y=log, (g)
g y=log,(x+3) h y=5x3"-2

Sketch each of the following. State the equation of the asymptote and the axes intercepts.
Validate, using your calculator:

a y=Ilog,(x —4) by =log, (Xx-i- 3) ¢ y=log,(2x)

d y=log,(x +2) e y=log, (g) f y =log,(—2x)
Use a graphics calculator to solve each of the following equations, correct to 2 decimal
places:

a 27 =x b logo(x)+x=0

Use a graphics calculator to plot the graphs of y = log;, (x?) and y = 2log,, (x) for
—10 <x <10,x #0.

1
On the same set of axes plot the graph of y = log;, (v/x) and y = 7 log,, (x) for
0 <x < 10.

Use a graphics calculator to plot the graphs of y = log,, (2x) + log;, (3x) and
y = log;, (6x7).

Find @ and k, such that the graph of y = a10** passes through the points (2, 6) and (5, 20).

A plot of the function y = log, (x) is shown. J

Use the grid to plot: 7

a y =log, (ax) i
by, =log s (x) —
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1
MAPS 11 Usea graphics calculator to plot y = In(2x — 6) and y = log (EX + 1). Examine these

plots to establish how the plot of y = log, x is transformed to y = log, (bx — ¢).

3.8 Exponential models and applications
Fitting data
Using technology

Using the TI-Nspire: Using the ClassPad:
1 Enter into the Lists & Spreadsheet 1 Enter into the Statistics application.
application. 2 Type the x coordinates 1, 2, 4 and 5
2 Type the x coordinates 1, 2, 4 and 5 into listl.
into the first column. 3 Type the y coordinates 6, 12, 48 and
3 Type the y coordinates 6, 12, 48 and 96 into list2.
96 into the second column. (¥ Edit Calc SetGraph X

12 RAD APPRX RECT

7]
~
5.
2] |
48,
96‘ - - - -
~

4 Give column A the name x, and give

bkl il sl

B85 |

Dea Auto Decimal <]

column B the name'y.

5 Highlight both columns, press (mw), then 4 To perform an Exponential

select Quick Graph from the Data regression on the data, enter into the
submenu. Calc menu and then tap
2] RAD EXACT RECT a abExponential Reg.

90] ©

60 k

30

ole °
1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
X
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6 To perform an Exponential Regression, 5 Ensure the following is set:
press , enter into the Actions menu XList: listl and YList: list2
and select Show Exponential from the Tap OK.

Regression submenu.

2] RAD EXACT RECT ]

90.]

I Stat Calculation Eif

60
= vy =37(2.)%

30

Cancel

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
x

Deg Auto G

Thus, the curve has the equation y = 3 x 2*.

There are many practical situations in which the relationship between variables is exponential.

Paper folding

Example 30

Take a rectangular piece of paper measuring approximately 30 cm x 6 cm. Fold the paper in
half, successively in the same direction, until you have folded it five times. Tabulate the times
folded, f, and the creases in the paper, C.
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Solution
No. times folded, f 0 1 2 3 4 5
Creases, C 0 1 3 7 15 31

The rule connecting C and fis C =2/ —1, f=0,1,2,....

C
30 .

25

20 ~

The table below shows the increase in weight of Somu, the orang-utan, born at the Eastern
Plains Zoo. Draw a graph to show Somu’s mass for the first 6 months.

Months, m 0 1 2 3 4 5 6
Mass,w (kg) | 1.65 | 17 | 22 | 30 | 37 | 42 | 48

Solution
Plotting these values:  , (ko) /

Graph showing Somu’s
4 mass increase

7
34 - {\
Graph of
2 - w=1.65(1.2)"
14 Note: It is appropriate in this case

to form a continuous curve

0 T T T T T T
1 2 3 4 5 6 m (months)

The graph of the exponential function w = 1.65(1.2)", 0 < m < 6 is plotted on the same set
of axes.

The table of values is

m 0 1 2 3 4 5 6
w 1.65 1.98 2.38 2.85 342 4.1 4.93
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It can be seen from the graphs that the exponential model, w = 1.65(1.2)" approximates to
the actual mass and would be a useful model to predict mass for any future orang-utan births at
the zoo. This model describes a growth rate, for the first 6 months, of 120% per month.

Using technology

Using the TI-Nspire:

1 Press and enter into the Lists
& Spreadsheet application.

2 Give column A the name m.

3 Give column B the name w.

4 Enter the data into their respective

columns.
13 DEG APPRX REAL [
™
m [Blw B
0] 1.65
1.0 1.7
2| 22 |
3 3
4. 3.7 L
o —— —-{'V_-
A1]0 |

5 Move the cursor to the very top of
column A until it is highlighted.

6 Hold and press the right arrow on

the navigation pad. (Both columns should

now be highlighted.)

1.3 DEG AFPPRX REAL

{—— [ [ )]

Using the ClassPad:
1 Select the Statistics application by tapping

on JEL

Statistics’

2 Enter the m values from the table into list1.

3 Enter the w values from the table into list2.
¥ Edit Calc SetGraph

Ll 0 D]

listl |list2z Jlista |~

@O0 B D P = O

IWM*J@NNN-H

B ) N = 0 A0 00 ) T O B G ) =

- s s e

Deg Auto Decimal [

4 Tap SetGraph and ensure the Settings of

Graph 1 are correct.

5 Tap [i] to plot the points, then tap Hef

for a full-screen plot.

|V Zoorm Analysis Calc 4 IE_"
(368] S s (o] [ (MR ] 0
g

Deg RAuto L]
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7 Press and select Quick Graph from 6 Tap Calc and press @9 on
the Data submenu. abExponential Reg.
8 DEG APPRX REAL 7] 7 Tap OK once you have checked that the

Ilml@ 2iL] © information displayed is correct.
4.2] @] I Stat Calculation EiJ
0. 1.65 . 45 [6) :gga.cgg:entlal Reg i
g : b = .
T 1 o eSS
I 2 254N e Z5.3724017
= 1| @ MSe  =6.2046e-3
I 3. 3. 1.8 . QO
B+ 37 ! 2= o
r—— — 0.0 3.0 60
8 Press and enter into the Actions
Cancel
submenu. -
9 Select Show Exponential from the =
Regression submenu. I I
Deg Auto (]

10 To view the graph in full, do the following:

Press ® then 8 Tap OK to see the regression line that is

@. drawn.
I‘V Zoom Analysis Calc + IZ]_"

Now go to: IR
Page Layout— Select Layout—1: Layout 1. B
_ﬁm DEG APPRX REAL "]
2] y = 1.557(1.22)*x 6
] S -al6
z 3.4-:
] ]
2.6~_ |
1.8
T T T 71 -1
00 1.5 30 45 60 | 5]
m Dea Auto O

Note: Using a calculator generates the exponential regression curve y = 1.55(1.22)*, which
differs from the curve w = 1.65(1.2)" drawn initially to agree with Somu’s mass at birth.

- [E=E

There are approximately ten times as many red kangaroos as grey kangaroos in a certain area.

If the population of grey kangaroos increases at 11% per annum whereas that of the red
kangaroos decreases at 5% per annum, find how many years must elapse before the
proportions are reversed, assuming the same rates continue to apply.
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Solution

Let P = population of grey kangaroos at the start.
.". Number of grey kangaroos after n years = P(1.11)",
And number of red kangaroos after n years = 10P(0.95)".

When the proportions are reversed:

P(1.11)" =10 x [10P (1.95)"]
(1.11)" = 100(0.95)"

Taking the log;, of both sides gives:

log,, (1.11)" = log,, 100 (0.95)"
nlog;, (1.11) = log;, 100 + nlog;, 0.95
n x 0.04532 =2 4+ n(—0.0223)

2

N=——
0.0676
=29.6

Hence, the proportions of kangaroo populations will be reversed by the 30th year.

Exponential growth

Examples 31 and 32 are examples of exponential change. In the following, A4 is a variable
subject to exponential change.

Let 4 be the quantity at time ¢. Then 4 = Aga’, where A is a positive constant and a is a
real number.
If a > 1, the model represents growth. If @ < 1, the model represents decay.
Physical situations in which this is applicable include:

the growth of cells

population growth

continuously compounded interest

radioactive decay

cooling of materials
Consider an amount of money, $10 000, invested at a rate of 5% per annum but
compounded continually. That is, it is compounded at every instant.

L . . P
If there are n compound periods in a year, the interest paid per period is —%. Therefore, the
n
amount of the investment, 4, at the end of the year is

51" 1\
A=10000{1+——) =10000( 1+ —
( +100n) < +20n)



Using technology

Using the TI-Nspire:
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Using the ClassPad:

1 Enter into the Calculator application. 1 Enter into the Main application.

2 Type {100, 500, 1000, 10000} — n and

then press .

[ ]

Type {100, 500, 1000, 10000}= » and
then press €®.

3 Type (1 +5/(100m))"n then press Gar). 3 Type (1 + 5/(100n))"n then press €.

12 RAD APPRX RECT ] [ Edit Action Interactive %]

A . d |
{100,500,1000,10000 } -~ B il [Ealudv]Adv] D
{100,500.,1000,,10000. } 108,500, 1060, 1000830 |2

[ ’ )
100-n

{ 1.05125795995,1.05126846838,1.0512697

{1688, 500, 1688, 10060}
(1+5/(180n))"n
él .B5125796, 1. 851268468

= mth (abe [cat [ 20 |CAEFIE]
2099 alble|d o fs]z]|e
Flg|h|i ~[=|

(%I [m|n :2 e

2\g|r|s .

R o8 | B AEIEE

3 I?T @ o). |e|lans

TRIG | CALC JOFTN| & |EXE

Alg Decimal Real Rad dm]

3.9 Modelling and problem solving

MAPg

Exercise [Slm

EZrmso| 1 Find an exponential model of the form y = ab* to fit the following data:

X

0

2

4 5 10

y

1.5

0.5

0.17 | 0.09 | 0.006

EZxms| 2 Find an exponential model of the form p = ab’ to fit the following data:

t

0

2

4 6 8

p

2.5

4.56

83 | 15.12 | 27.56

3 A sheet of paper, 0.2 mm thick, is cut in half and one piece is stacked on top of the other.

a If this process is repeated, complete the table below.

Cuts, n Sheets | Total thickness, 7" (mm)
0 1 0.2
1 2 0.4
2 4 0.8
3 8
10
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b Write a formula that shows the relationship between 7" and ».
¢ Draw a graph of T against n for n < 10.
d What would be the total thickness, 7, after 30 cuts?

4 This problem is based on the so-called ‘Tower of Hanoi’ puzzle. Given a number of discs

of varying sizes, the problem is to move a pile of discs (where #, the number of discs,
is > 1) to a second location (if starting at 4 then to either B or C), according to the
following rules:

B Only one disc can be moved at a time.

W A total of only three locations can be used
to ‘rest’ discs.

B A larger-sized disc cannot be placed on top

location A
of a smaller disc.
B The task must be completed in the least O ©
i location B
number of moves possible. ocation location C

a Use two coins to complete the puzzle. First repeat with three coins and then four
coins, and thus complete the table.

No. discs, n 1 2 3 4
Minimum number of moves, M 1

b Find the formula that shows the relationship between M and n. Use your formula to
extend the table of values forn = 5, 6 and 7.

¢ Plot the graph of M against n.
Investigate, for both n = 3 and 4, whether there is a pattern for the number of times
each particular disc is moved.

To control an advanced electronic machine 2187 different switch positions are required.
There are two kinds of switches available:

B Switch 1: these can be set to nine different positions.

B Switch 2: these can be set to three different positions.

If n of switch 1 type and n + 1 of switch 2 type are used, calculate the value of # to give
the required number of switch positions.

Research is being done to investigate the durability of paints of different thicknesses. The
automatic machine, shown in the diagram, is proposed for producing a coat of paint of a
particular thickness.

Blade set to reduce

5 " thickness

Thick layer Thin layer

The paint is spread over a plate and a blade sweeps over the plate, reducing the thickness
of the paint. The process involves the blade moving at three different speeds.



7
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a Operating at the initial setting, the blade reduces the paint thickness to one-eighth of
the original thickness. This happens # times. What fraction of the paint thickness
remains? Express this as a power of %

b The blade is then reset so that it removes three-quarters of the remaining paint. This
happens (n — 1) times. At the end of this second stage express the remaining thickness
as a power of %

¢ The third phase of the process involves the blade being reset to remove half of the
remaining paint. This happens (n — 3) times. At what value of » would the machine
have to be set to reduce a film of paint 8192 units thick to 1 unit thick?

A lonely bush hermit has little opportunity to replenish supplies of tea and so, to eke out
supplies for as long as possible, he dries out the tea leaves in the sun after use and then
stores the dried tea in an airtight box. He estimates that after each re-use of the leaves the
amount of tannin in the used tea will be half the previous amount. He also estimates that
the amount of caffeine in the used tea will be one-quarter of the previous amount.

The information on the label of the tea packet states that the tea contains 729 mg of
caffeine and 128 mg of tannin.

a Write expressions for the amount of caffeine when the packet of tea leaves is re-used
for the first, second, third and nth times.

b Do the same for the amount of tannin remaining.
Find the number of times he can re-use the tea leaves if a ‘tea’ containing more than
three times as much tannin as caffeine is undrinkable.

In 1880 two trackers, Jack Noble and Gary Owens, whose tribal names were Wannamutta
and Werrannallee, helped the police capture Ned Kelly. For their services they were to be
paid 50 pounds. They were never paid and the total value of monies owed to them, with
interest, is now worth $45 million. What average per annum interest rate is being applied
to calculate the present value of the monies owed?

1
A measure of the acidity of a solution (p) is given by the function p = log (ﬁ) , Where H

is the concentration of the hydrogen ions in the solution, in moles per litre. Recently, the
local residents of the old mining town of Mt Morgan believed that the acidity level in a
nearby popular swimming hole was above the acceptable value. The Health Department
standard states that 7 < 3 x 107! is unsafe. If the measure of acidity (p) in the
swimming hole was 10.9, should the Department be concerned?

A share portfolio consists of shares in company A plus company B. The value of shares
($) in each company is modelled by:

A =300 x 1070037
B =170 x log(5(T + 1))

where 7 is the number of months since purchase.

Use your calculator to investigate the maximum total value of the portfolio in the short-
and long-term future. Briefly state any assumptions and identify the effect on your
solution.
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11 Police arrive at a university’s Mathematics Department at 8§ p.m. to investigate the

Emm ) 12

13

mysterious death of the Dean of Mathematics. At this time, the temperature of the corpse
was 33° C. The temperature of the crime scene had remained steady at 23° C. The human
body temperature is 37° C. The police make use of the following equation to determine
the time that has elapsed since death:

37 =23+ 10 x 2.71870:237%

In this instance, 7 is the time (in hours) from 8 p.m.
Police have three suspects who were in the building at the following times on the day of

the murder:
Senior Lecturer 12 noon to 4:30 p.m.
Associate Professor 4:45 p.m. to 6:40 p.m.

Long-serving Professor 6:45 p.m. to 7:20 p.m.

Determine who the prime suspect should be by establishing algebraically the time of
death. Validate your results and suggest any relevant assumptions.

n

1 234567 8 9101112131415 161718192021

The plot above illustrates the growth in value amount, 4, of an investment property over a
period of n years.

Note: A increases by a constant percentage (%) of the previous year’s value in each
successive year; that is, 4 = A k", where £ is the growth factor.

a Determine the value of n, when the amount 4 doubles.

b Evaluate the growth factor £, correct to 3 decimal places.

¢ Use the answer to part b to calculate the percentage (%) increase from one year to the
next.

The mid-points of the sides of a square with side 20 are joined to form a second square.
The mid-points of the sides of this square are joined to give a third square and so on.
Calculate the area of the tenth square.
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14 A seismograph is an instrument that measures an earthquake’s intensity, using the Richter
scale. The Richter number (R) is defined as:

R=1 (’)
=0g —
Iy

where / is the earthquake’s intensity and /j is a constant number.
The 1985 Mexico City earthquake measured R = 8.1. The 1989 San Francisco
earthquake measured R = 7.1. Compare the intensities of these two earthquakes.

15 The number of words typed per minute () on a word processor is a function of the
number of brief tutorial sessions (7).

N
t=—1441log (1 — —
°g< 90)

Evaluate the expected number of words typed per minute for a person who has 40 brief
tutorial sessions. Discuss the shape of the graph as it relates to the number of tutorial
sessions.
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Chapter summary

B To multiply two numbers in exponential form with the same base, add the exponents:
am x a" = a™ +n

B To divide two numbers in exponential form with the same base, subtract the exponents:
am + an — anl —n

B To raise the power of a to another power, multiply the exponents:
(am)n — am Xn

B [fa" = & then equate the indices (exponents)

SX=y.
B «"=landa' =a
. 1
B For rational exponents: arn = J/a

m 1\ ma L
and ar = (an) =(a™)"
and ar =((/E)m= vanm

B Groups of exponential functions
Examples:

y=a0<a<l

\

y:ax;a>1 1

=y
=Y

B Fora >0anda # 1,xrealand 0 < x, x = a™ is equivalent to m = log, x.
B Laws of logarithms: .
1 log, (xy)=log,x +log, y 2 log, (;) = log, x —log, y

1
3 loga (—) = —loga y 4 log,(x")=mnlog,x
y
log, x
5 1 =
0% (%) log, a

B log,,(x) =log(x)and log, (x) = In(x)
B Exponential equations can be solved by taking logarithms of both sides.

log,,11
B0 or, equivalently, x = .
log;, 2 log, 2

log, 11

For example, if 2* = 11, thenx =
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B Using technology, solve 2* = 11.
Using the TI-Nspire:

I | RAD APPRXREAL
log (11 345943161864 @
10
log ()
10
n{11) 3.45943161864
Inf2)
log (11) 3.45943161864
2 el
33

B Families of logarithmic functions

Using the ClassPad:
0 e [ealedv ]
log;a(11) 2
logy (2]

3.459431619
1n{11>
Incz2y

3.459431619
log,(11)

3.459431619
1

HAlg  Decimal Real Rad quy

. log (2x +8)
Examples: y= g
4Ty
/ _logx
= log2
o 1 log (2x+8)
2 Y72 T o2
—/ _llog@xt8)
1 ) log2
/
-6 -4 //2 2 4 6 >
-1
)
-3
—4
Multiple-choice questions
1 83+ Wx3) = 5
A 2 B 2x° C 2 D 2x7! E =
X
5 Th ) a’b ab
e expression ——— +~ —— =
P Qab?y ~ 16a°
2 2a® 2 1
— B — C 24°p° — E ——
a2b® b ¢ ab® 128ab°
3 Iflogo (x —2) — 3 logg 2x = 1 — logyo v, then y is equal to:
80x3 8x3 60x
B 1 C
x—2 + x—2 x =2
D 14+ E 1-2"2
x—2 8x3




The solution of the equation 5 x 2°* = 10 is x equals:

A ! B ! C ! log, 10 D ! log; 5 E ! 23
2 5 5 2 5
5 The equation of the asymptote of y = 3 log, (5x) + 2 is:
A x=0 B x=2 C x=3 D x=5 E y=2

6 Which of the following graphs could be the graph of the function f(x) = 2*" + b, where a
and b are positive?

A B C
\ A A
y/ y y
0] x N o 0 >
0 N~ _// ¥
D E
A \
y \\y
] > =
/ o x o x

7 Which one of the following functions has a graph with a vertical asymptote with equation

x=>0? !
A y=1 —b B y= = _
y=logy (x — b) =10 Y=1T0
D y=2"+b E y=2"-"%
2mh h
8 The expression ( 3mn;12)3 =+ 8’;1m2 is equal to:
6 6m? 6 1
_ b 276
mhS B © Gmh D b 28w
9  Without using a calculator, e~ "¢ equals: 1 !
A —1 B —e C e D - E —-
e e

10 The graph of y = log, x is transformed to the graph of y = % log, (x —3)+ 1 by:

A ashift of —3 from the x-axis parallel to the y-axis, followed by a dilation of 2 from the
y-axis parallel to the x-axis, followed by a shift of 41 from the x-axis parallel to the
y-axis

B ashift of 43 from the y-axis parallel to the x-axis, followed by a dilation of % from the
x-axis parallel to the y-axis, followed by a shift of +1 from the x-axis parallel to the
y-axis

C ashift of +3 from the y-axis parallel to the x-axis, followed by a dilation of 2 from the
x-axis parallel to the y-axis, followed by a shift of +1 from the y-axis parallel to the
x-axis
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D ashift of —3 from the x-axis parallel to the y-axis, followed by a dilation of % from the
y-axis parallel to the x-axis, followed by a shift of +1 from the x-axis parallel to the
y-axis

E ashift of +3 from the y-axis parallel to the x-axis, followed by a dilation of % from the
x-axis parallel to the y-axis, followed by a shift of —1 from the x-axis parallel to the
y-axis

Short-response questions

1 Simplify each of the following, expressing your answer with positive index:

a® b b® m3n* d a’b?
a — — ¢ — —
a2 p10 mon6 (ab?*
8 7 2
e % f 160619 g 8 (@) m~'n?
3
a a 3 (2a) (mn_2)3
2a~4 6a~! a*+a®
: (p_lq_2)2 ] ( —1) k ) 1 2
Sa 3a a
2 Use logarithms to solve each of the following equations, correct to 2 decimal places:
a 2*=7 b 2> =7 c 10F=2 d 10 =36

e 107 =110 f 10 =1010 g 2% =100 h 2*=0.1

3 Evaluate each of the following:

a log, 64 b log,, 100 ¢ log,, 107 d log,a’
1

e logyl f log; 27 g log, 1 h log;,0.001

i log, 16
4 Express each of the following as single logarithms:

a log;,2+log,n3 b log, 4+ 2log;y3 —log;, 6

¢ 2logya —log,ob d 2logga —3 —log,25

e log,,x +log, ¥y —log;,x f 2log,ya +3log, b —log,,c
5 Solve each of the following for x:

a 33 -27)=0 b 2*-82*"-1)=0

c 2x_2xtl—=9 d 2% —12.-2"432=0
6 Sketch the graph of:

a y=2.2" b y=-3.2% c y=5-27"

d y=27"+1 e y=2"—1 f y=2"42
7 Solve the equation log,, x + log;, (2x) — log;, (x +1) = 0.

. Xy
8 Given 3* =4V = 127, show that z = ——.
x+y

9 Evaluate 2log, 12 + 3 log, 5 — log, 15 — log, 150.

10 a Given thatlog,7 +log, k = 0, find .
b Given that 4log, 3 + 2log, 2 — log, 144 = 2, find q.
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11

12

13

14

Solve:
a 2x4t1 =162 (fora)
b log,y*> =4 +log, (v +5) (fory)

A new type of red synthetic carpet was produced in two batches. The first batch had a

brightness of 15 units and the second batch had 20 units. After a period of time it was

discovered that the first batch was losing its brightness at the rate of 5% per year and the

second at the rate of 6% per year.

a  Write expressions for the brightness of each batch after n years.

b A person bought some carpet from the first batch when it was 1 year old and some new
carpet from the second batch. How long would it be before the brightness of the two
carpets was the same?

The populations (in millions), p and ¢, of two neighbouring states in America, P and Q,
over a period of 50 years from 1950 are modelled by functions p = 1.2 x 2%% and
g = 1.7 x 299% 'where ¢ is the number of years since 1950.
a Plot the graphs of both functions, using technology.
b Find when the population of state P is:
i equal to the population of state Q
ii is twice the population of state Q

The value of shares in company X increased linearly over a 2-year period, according to the
model x = 0.8 4 0.17¢, where ¢ is the number of months from the beginning of January
2006 and $x is the value of the shares at time .

The value of shares in company Y increased over the same period of time, according to

the model y = 10%0%

, where $y is the value of these shares at time # months.

The value of shares in a third company, company Z, increased over the same period
according to the model z = 1.7 log;, (5(x + 1)), where $z is the value of the shares at time ¢
months.

Use a graphics calculator to sketch the graphs of each of the functions on the one
screen.

a Find the values of the shares in each of the three companies at the end of June 2006.

b Find the values of the shares in the three companies at the end of September 2007.

¢ During which months were the shares in company X more valuable than the shares in
company Y?

d For how long and during which months were the shares in company X the most
valuable?
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15 1In 2000 in a game park in Africa, it was estimated that there were approximately 700

16

17

18

wildebeests and that their population was increasing at 3% per year. At the same time in the
park there were approximately 1850 zebras and their population was decreasing at the rate

of 4% per year. Use a graphics calculator to plot the graphs of each function.

a  After how many years is the number of wildebeests greater than the number of zebras?
b It is also estimated that there were 1000 antelopes and their numbers were increasing

by 50 per year. After how many years is the number of antelopes greater than the
number of zebras?

Students conducting a science experiment on cooling rates measure the temperature of a
beaker of liquid over a period of time. The following measurements are taken.

Time (min) 3 6 |9 12 | 15|18 | 21
Temperature (°C) | 71.5 | 59 | 49 | 45.5 | 34 | 28 | 23.5

a Find an exponential model to fit the data collected.
b Use this model to estimate:
i the initial temperature of the liquid
ii the temperature of the liquid after 25 minutes
It is suspected that one of the temperature readings is incorrect.
¢ Re-calculate the model to fit the data, omitting the incorrect reading.
d Use the new model to estimate:
i the initial temperature of the liquid
ii the temperature of the liquid at r = 12

e If the room temperature is 15°C, find the approximate time at which the cooling of the
liquid ceased.

The curve with equation y = ab” passes through the points (1, 1) and (2, 5).
a Use algebra to find the values of a and b.
b Letb* = 10°.
i Take logarithms of both sides (base 10) to find z as an expression of x.
ii Find the value of k and a, such that y = @10 passes through the points (1, 1) and
2, 9).

a Find an exponential model of the form y = a-b* to fit the data below.

X 0 2 4 5 10
y 2 5 13 20 200

b Express the model you have found in part a in the form y = a-10%*.

¢ Hence, find an expression for x in terms of y.
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On the use of technology

Microsoft Excel is used to generate the data for graphing in the first section of this chapter. It

may be used to help complete the work in Exercise 4A.

Using the TI-Nspire:

1 Use the Graphs & Geometry
application to sketch functions.

2 To sketch a graph, enter the function
into f1(x) = then press .

3 To view a table of values for a graph

press (&) (T). When the table of
values is active, press and select
Edit Function Table from the Function
Table submenu to change the start

value and the increment of the table.

4 When the graphs page is active, press
and select Window Settings
from the Window submenu to make changes.

Using the ClassPad:

1 To enter into the Graph & Table
application tap ;@ .

2 To sketch a graph, enter the function
into y1 =, press @® then tap [#].

3 To view a table of values tap [E]].

4 To change the starting value, ending
value and the increment of the table

tap [£5).
5 To change the Window settings tap

[E3].

Sketching the graph of y = 2* —3, where Xinin = Ymin = —4 and Xiax = Ymax = 4, and
constructing a table of values for x beginning at —4 in increments of 0.5 we have:

2] RAD APPRX RECT "]
a|” x [fx):.>
285=3
fbdza*-3 4|-2.9375| &
0.5 % “712[-2.9116 i
7 T— 0 B 28755
/ -5/2(-2.8232
; R A

4 -2.9375

[ _Edit T-Fact Graph &__ 3|
AR D

Deg Real [am]
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4.1 Introduction to more complex graphs

e

Draw neat and accurate graphs of the equations y = 2* — 3 and y = log; (x + 2) on the same
Cartesian plane. (Use a 2 cm grid.)

Solution
y=2"-3
x| -35| -3 |-25| =2 |—-15|—-1|—-05[{0] 05 |1]| L5 |2[25
—2.91|—-2.88|—2.82|—2.75|—2.65|—2.5|—2.29|—-2|—1.59|—1|—-0.17]|1|2.66 |5

y =log;(x +2)
=log(x +2)/log(3) change of base

X -2 |-19( -15|-1|-05 0 |05 |1|15| 2 |[25| 3 |35 4
####|—2.1/-0.63| 0 | 037]0.63|0.83]|1|1.14/1.26|1.37|1.46|1.55|1.63

, y=2"-3

Note: The line y = -3 is an
asymptote for the curve

y =2"—3 . Thatis, the y values get
closer to -3 as the x values get more 2
and more negative.

|
I y=log(x+2)
|
|
|
|
1

A -
y o
X

1 2 3

Note: The line x =2 is an
asymptote for the curve
y=log; (x+2). Thatis,
the curve approaches the line
x = -2 without touching it as
the x values get closer to —2.

Note: The lines y = —3 and x = —2 are boundaries for the respective curves; that is, they
show where the edges of the curves are.
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- =]

Using a 2 cm grid, draw neat and accurate graphs of the following equations on the same set of

axes:
a 4x -2y =S5 b y>=x+3
Solution
a 4x—-2y=>5 b y=x+3
2y =4x -5 =+/x+3
y=2x—-2.5

=Jx+3 or  y=-—vx+3
Vx+3

m = 2, y-intercept = —2.5

2.65

SRR EEEEAER
| =
|:ﬁ:
H+
R:tt
+
wo
=
—
~
k.
—
J
w
S
S
&)
~
o
~
)

####|0 |—1|—1.4|-1.7|-2|-2.2|-2.4|-2.6
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- e

Draw a neat and accurate graph of the equation y =
x

7 on the Cartesian plane. (Use a 1 cm

grid.)
Solution
6
y_x+2
—6 |—5|—4|-3| -2 |-1 2|3 |4| 5 6

y|—=15]=2|-3|—-6#### | 6 [3(2|15|12]|1|0.86|0.75

x| —=3|-2.75|-25|-2.25 =7 —1.75 | —=1.5|—1.25| —1
y|—=6| =8 | =12 | =24 |##### | 24 12 8 6

Note that y is not defined for x = —2.

A A

y

x=-

Note: When a y value cannot be calculated, calculate y values for other points near the
x value concerned. The dotted vertical line x = —2 shown above is referred to as an
asymptote and shows the boundary between the separate parts of the graph. The
x-axis, y = 0, is also an asymptote for the curve shown above.
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[Eramoc FY I

(B 2 3

B3] 4

Exercise lﬂ

Using a 2 cm grid, draw neat and accurate graphs of the following equations on the number
plane:

a y=2x—-3 b y=x>-3x+1 ¢ y=x+1DQ2—-x) d y=+/9—x2

Using a 1 cm grid, draw neat and accurate graphs of the following equations on the number

plane:

a y=3"-5 b y=log;,(x+3) ¢ y=2"+1 d y=log,(x —2)

Using a 1 cm grid, draw neat and accurate graphs of the following equations on the number

plane:

a > =x>-9 b x?=)? ¢ x2+y)y*=25 d x>—y?4+9=0

Using a 1 cm grid, draw neat and accurate graphs of the following equations on the number

plane:

4 b 4 by — 6 4 d 4
e iy C YT y_x2+1

4.2 Modelling life-related situations as graphs

Example 4

The U16 soccer team plays mid-week fixtures and needs

transport to the games. Sometimes some of the parents

come to assist with transport. Those who don’t get

parent transport take taxis. The reserves always go

with the coach in her car.

T\

v

Draw a graph of ‘Number
of taxis’ vs ‘Number of students needing taxis’.
Use a1 cm grid (i.e. 1 cm = 1 unit).
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Solution
A Taxis
3 HlA e o o
2 e o o o
1 o o o Y Students
needing taxis
1o} >
@ 1 2 3 4 5 6 7 8 9 10 11 12 13

Note: Graphing is not always a process of dot-to-dot. The dots are joined when it is

possible to also have the dots in between. Joining the dots with lines is done only if the
dots in between are also relevant. In the U16 soccer team example (i.e. Example 4),

the graph is a set of dots with no lines joining them.

-

a Use the Cartesian plane to show all possible

ordered pairs (x, y) for which the triangle y
shown has an area of 6 m?. .
b Use the Cartesian plane to show all possible
ordered pairs (x, y) for the triangle shown. Y 5 em
-
X
Solution
1 1 ) 12
a A=—-xbxh o= - Xx XYy ie.y=— (Note: x > 0.)
2 2 X
x| 0] 123 5 161 7 8 9 10 | 11 | 12
y | # |12 |6 4|3 (|24 (2|17 |15|13]12|10] 1

b Using Pythagoras’ theorem:

Y2 =x>+5 Sy =4/x2 425 (Note: x > 0and y > 0.)
x(0| 1|23 [4|5]6]|7[8]|9]|10]11]12
y|#[50(|53(58(64(7.0|78(8.6(94|10|11|12]13
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A

13

12

11

10

Note: A small open circle is drawn around the point (0, 5) in part b to show that it
should not be included in the graph. Although the value of x in the triangle can be
slightly bigger than zero, it cannot be exactly zero. x = 0 is a boundary point (i.e. an
end point) and, in this case, it is not included, so the circle is open.

Example 6

The AAPT standard mobile call rate to mobiles and landlines in Australia in December 2006
was:

B 15c per 30 seconds
B 25c per call flagfall
Draw a graph of ‘Cost of call” vs ‘Length of call’. (Use 4 cm = 1 minute, 1 cm = $0.10.)
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Solution

A y Cost of call ($)
1.30

1.20
1.10
1.00 O
0.90
0.80
0.70 Oo—
0.60

0.50

040 |
0.30

0.20

0.10 Length of call (min)

>

X

165

Note: Again, open circles are used to show boundary points that are not included. In

the case above, a 1-minute call will cost $0.55 and a call lasting | minute and

1 second will cost $0.70. Therefore, it is necessary to show the boundary point

(1, 0.70) with an open circle.

Exercise ll:

1 A supermarket is offering a special on eggs: $2 per carton, limit
of 5. Draw a graph of ‘Cost’ against ‘Number of

cartons purchased’. Use a 1 cm grid.

2 A die is rolled and the uppermost face and the face touching
the table are noted as an ordered pair. Graph all possible
points on the Cartesian plane.

3 a Use the Cartesian plane to show all possible ordered pairs

(x, y) for which the rectangle shown has a perimeter of 16 m.

b Use the Cartesian plane to show all possible ordered pairs
(x, ¥) for which the rectangle shown has an area of 12 m?.

SPECIAL
on eggs
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4 Use the Cartesian plane to show all possible ordered pairs
(x, y) for which the isosceles triangle shown has a
total perimeter of 16 m.

5 A chocolate tray is to be constructed
from a sheet of A4 paper, where

it is cut along the heavy lines

and folded along the dotted lines.

Sketch a graph showing 21 em
‘Volume of the tray’ against

‘Length of each cut’.

30 cm

6 Sketch on the Cartesian plane all possible ordered pairs (x, y) for each triangle.

a b
5cm X
x 3cm
y y
7 An Australia Post rates table for Postage rates: DL (220 x 110 mm)
DL (220 x 110 mm) sized letters, between 5 and 20 mm thick
which are between 5 and 20 mm Weight Cost of postage
thick, is shown. Upto50 g $1.00
Draw a graph of ‘Cost of postage’ Over50 gto 125 g $1.00
vs “Weight of letter”. Over 125 g0 250 g $1.45
Over 250 g to 500 g $2.45
8 The rates table for the short-term car park Rates for short-term parking
at the domestic terminal at Brisbane Airport at domestic terminal
is given. The short-term car park is for Hours | Fee
parking up to 24 hours. 0.5 $5.00
Draw a graph of the fee against the 1 $8.00
time spent in the car park. 2 $10.00
3 $12.00
4 $14.00
5 Plus $2 per hour up to

maximum $36 per day
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4.3 Terminology of functions
A relation is a set of ordered pairs. These sets of ordered pairs can be infinite and have been
represented as tables of values, graphs on the Cartesian plane or equations in your earlier study
of Mathematics.

The first number in an ordered pair is called the independent variable. The second number
is the dependent variable. The value of the dependent variable ‘depends’ on the value of the
independent variable.

The domain is the set of all possible values of the independent variable. The range is the set
of all possible values of the dependent variable; that is, the domain is usually the set of x values
possible and the range is the set of y values possible.

A mapping is a diagram that shows the links between the elements (numbers) of the
domain and the elements (numbers) of the range.

A discrete variable is a variable for which the elements of the domain can be listed.
Discrete variables often involve whole numbers and are usually the result of counting.

A continuous variable is a variable for which there is an infinite number of values of the
variable between any two given values. Continuous variables always involve decimal numbers
and are usually the result of measuring.

- [EEE

Referring back to Example 4, a solution to the Thes

U16 soccer team problem is given. z E"%t“'ﬂ. L 11

a  What are the independent and dependent 1| e e e e g
variables used in the relation graphed? o T T T T T T T

b State the domain and range of the relation. @‘

¢ Draw a mapping diagram for this relation.

Solution

a The independent variable is ‘Students needing taxis’.
The dependent variable is ‘Taxis’.

b Domain={0,1,2,3,4,5,6,7,8,9,10, 11}
Range = {0, 1, 2, 3}

0
1
2
3
4
5
6
7
8
9
0

1

—
—
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Example 8

Referring back to Example 5, a solution is given.

i What are the independent and dependent
variables used in the relations graphed?

ii State the domain and range of each function.

iii State an algebraic equation for each function.

A=6m2

Solution

X
1.2 3 4 5 6 7 8 _9 10 11 12 13

a i Assuming the independent variable is the base, then the dependent variable is

the height.

ii The domain is x > 0. The range is y > 0.

12

iii y=—, x>0.
X

the hypotenuse.

i Assuming the independent variable is the base, then the dependent variable is

ii The domain is x > 0. The range is y > 5.

i y = x2+ 25,

x>0.

Note: In Example 8 it was necessary to assume that one of the variables was the independent

variable in both parts a and b because there was no natural independent variable.

Example 9

A solution to Example 6 is shown.
The AAPT standard mobile call rate
to mobiles and landlines in Australia
in December 2006 was:
B 15c per 30 seconds
B 25c per call flagfall
i What are the independent and dependent
variables used in the relation graphed?
ii State the domain and range of the relation.

1.30

1.20

1.10

1.00

0.90

0.80

0.70

0.60

0.40 §

0.30

0.10

AV Cost of call $)

Length of call (min)

>
X

1 2 3
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Solution

i The independent variable is ‘Length of call’.
The dependent variable is ‘Cost of call’.
ii The domain is x > 0.
The range is {0.40, 0.55, 0.70, 0.85, 1.00, . . . . . .. }.

Classify each of the variables in Examples 7 to 9 as being either discrete or continuous.

Solution
Discrete Continuous
Students needing taxis (Example 7) Base (Both Examples 8a and 8b)
Taxis (Example 7) Height (Example 8a)
Cost of call (Example 9) Hypotenuse (Example 8b)
Length of call (Example 9)

Exercise ls

Questions 1-8 refer to questions 1-8 in Exercise 4B.

e ! e

b

What are the independent and dependent variables used in
the relation?

State the domain and range of the relation.

Draw a mapping diagram for this relation.

What are the independent and dependent variables used
in the relation?

State the domain and range of the relation.

Draw a mapping diagram for this relation.

3 Answer the following questions for each rectangle:

i

ii
ii

4 a

What are the independent and dependent
variables used in the relations?

State the domain and range of each relation.
State an algebraic equation for each relation.

What are the independent and dependent
variables used in the relation?

State the domain and range of the relation.
State an algebraic equation for the relation.

SPECIAL
on eggs
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5 a What are the independent
and dependent variables used in

the relation?
b State the domain and range
of the relation. 21 cm

¢ State an algebraic equation

for the relation.

30 cm

6 Answer the following questions for each triangle:

a b

5cm

y

y

i What are the independent and dependent variables used in the relations?

ii State the domain and range of each relation.
iii State an algebraic equation for each relation.

7 a Whatare the independent and Postage rates: DL (220 x 110 mm)
dependent variables used in the between 5 and 20 mm thick
relation? Weight Cost of postage

b State the domain and range of Upto50 g $1.00
the relation. Over50gto 125 g $1.00
Over 125 gt0 250 g $1.45

Over 250 gto 500 g $2.45

8 a What are the independent and dependent
variables used in the relation?

Rates for short-term parking
at domestic terminal

b State the domain and range of the relation.

Hours | Fee

0.5 $5.00

1 $8.00

2 $10.00

3 $12.00

4 $14.00
5 Plus $2 per hour up to
maximum $36 per day

9 Classify each of the variables in questions 1-8 as being either discrete or continuous.
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44 Relations and functions
For the purpose of this course, a relation is a set of ordered pairs; and a function is a relation
for which no two values of the independent variable are the same. Three consequences of this
are:
B Ina list of ordered pairs of a function, there will be no repeated x values.
B In a mapping of a function, an element of the domain has only one arrow starting from it.
B Any vertical line must not cross the graph more than once.

- ]

The mapping of the U16 soccer team problem is shown.
Does the mapping represent a function?

Solution

Yes, because each element of the domain has only one arrow starting from it.

Note: When you know how many students need taxis, it is clear how many taxis to
order.

- =

Classify each of these equations as being either ‘functions’ or ‘not’.
a 4x—-2y=>5
b »?>=x+3 (Note that these are the equations from Example 2.)

Solution

a Yes,4x — 2y = 5 is a function because no vertical line crosses the graph of it
more than once.

b No, y? = x + 3 is not a function because
it fails the vertical line test. The line x = 1

J
y
crosses the graph twice (shown right). /

S

Y

7
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1 Classify each of these relations as being either ‘functions’ or ‘not’.

a b c

NN | A==
o e N I SN I OS]
N N[ BR[(N| ==
WIN|N| ===
WIN|N|—| =%
O A=W

d e f
X ¥ X y X y
3 4 4 3 0 0
4 3 3 4 1 1
4 5 5 4 2 2
5 6 6 5 3 3
5 8 8 5 4 4

2 Classify each of these relations as being either ‘functions’ or ‘not’.

a b ¢
4 \—13 )
3 > 10
2 7 |
0 > 1
1 —l2 ' 0
d e f
N 1
- 2
N\ A 3
?“ 4
> 5
6
3 Classify each of these relations as being either ‘functions’ or ‘not’.
a y=5x+3 b y=x>+3 c 2y—3x4+6=0
d x>+)y*=36 e y==6 f x2—y?=9

g y=+x>—-4 h x=3
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4 Classify each of these relations as being either ‘functions’ or ‘not’.

a b c d e

45 More terminology and function notation
A continuous function is best described as one whose graph can be drawn without removing
your pencil from the paper.
A discontinuous function is a function that is not continuous.
A discrete function is a function for which the ordered pairs can be listed in order of the
x values. They will always appear in a graph as separate dots. Discrete functions are

necessarily discontinuous.

- [EmmE

Classify each of the functions in Examples 1-6 as being either continuous, discontinuous or

discrete.
Solution
Continuous Discontinuous Discrete
Example 1a,b Example 3
Example 2a,b Example 6 Example 4 Taxi problem
AAPT phone charges
Example 5a,b
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Function notation
In the equation y = 3x — 5, the y value is determined by the x value. Said another way, y is a
function of x.

The notation f'(x), which is read as ‘fof x’, is used to show this; thatis, f(x) = 3x — 5is
used instead of y = 3x — 5.

Hence, f(2) is the y value obtained when x = 2.

Example 14

For f(x) =3x + land g(x) = x> — 1

a Evaluate: i f(4) ii g(—2)
b Simplify: i f(a —2) i g(b+3)
¢ Solve: i f(x)=22 ii g(x)=24
Solution
a i f@=34+1 i g(—2)=(-2?-1
=13 =3
b i fla—2)=3@—-2)+1 i gb+3)=0bB+37>-1
=3a—-6+1 =b>+6b+9—1
=3a—-5 =b>+6b+8
¢ i 3x+1=22 (=1 i x2—1=24 (+1)
3x =21 (+3) x? =25 (f)
x =17 x =45

- [EEm]

For g(x) =2 — 4x and h(x) = x> + 1
a Draw neat and accurate graphs (where 2 cm = 1 unit) of the following functions on the
same set of axes:
iy =g i y = h(x) iii y = g(x) + h(x)
b State the domain and range of:

iy=gkx) ii y=h(x) iii y = g(x)+ A(x)



Solution

a
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y=g(x) + h(x)

y=gx

b i The domain is all real numbers. The range is all real numbers.

ii The domain is all real numbers. The range is y > 1.

iii The domain is all real numbers. The range is y > —1.

1 Classify each of the functions in Exercise 4B as being either continuous, discontinuous or

discrete.

4] 2 For f(x) =2x —3and g(x) =x*>+6

a Evaluate:

b Simplify:

¢ Solve:

i f(5)
i £(0)
i fla+4
i £(1—3b)
i f(x)=16

ii
iv
ii
iv

ii

g(3)
g(=2)
gla+1)
g(b—3)
g(x)=20

175
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3 Forh(x)=4—3xand f(x)=2x>-3

a Evaluate: i f(3) i h(2)
iii  f(0) iv h(=3)
b Simplify: i A(b—1) i fa+2)
iii 2(2a +3) iv f(2b+3)
¢ Solve: i h(x)=-3 i f(x)=47

4 For g(x) =5x —x*and h(x) =4

a Evaluate: i g(—3) ii hQ2)
b Simplify: i gla+h) ii h(b+3)
¢ Solve: i h(x)=0 ii gx)=h(x)

5 For f(x)=3xand g(x) =x>—4

a Sketch: i y=f(x)+gkx) ii y=f(x)—glk)
b State the domain and range of each of the functions in part a.

6 For f(x)=2x —x%and h(x) =3

a Sketch: i y=f(x)+h(x) ii y=nhkx)— f(x)
b State the domain and range of each of the functions in part a.

46 Maximal and restricted domain

Maximal domain
When the domain of a relation is not stated explicitly, it is assumed to consist of all real
numbers for which the rule has a meaning. We refer to the implied (maximal) domain of a
relation because the domain is implied by the rule.

Many of the functions studied in this course have a maximal domain of all real numbers.
The exceptions studied so far are those involving:
B square root
B fractions with x in the denominator
B log functions
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Example 16

State the maximal domain and find the corresponding range of:

1
= Jx — b =
ay x =3 Y 2x — 5
2x —3
¢ y=log(x+4) d y=—;
Solution
a x—3>0 b 2x —5#0
. Domain: x >3 . Domain: x # %
R :
ange: y = 0 Range: y # 0
¢c x+4>0 d Domain: All real numbers
.. Domain: x > —4 Range: All real numbers
Range: All real numbers
Restriction of a function
Consider the functions:
f@)) gx)A h(x)4
s \ / ¢ !
0 v 10 T x 0 !
f(x)=x? g)=x3-1<x<1 h(x)=x%x20

The different letters, f, g and A, which are used to name the functions, emphasise the fact
that there are three different functions even though they each have the same rule. They are
different because they are defined for different domains. We call g and / restrictions of /'
because their domains are subsets of the domain of f.
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- EEOd

Sketch each of the following on the Cartesian plane:
a f(x)=2x-3 0<x<4
b g(x)=2x —x? x>0

Solution
a f(0)=-3 b 0=2x—x?
S@)=>5 =x(2—x)
A @5 Null factor
y ’ x=0 or 2—x=0
x=0 or x=2
.. x-intercepts are x = 0 and x = 2.
> Turning point is (1, 1).
_3@/ Y=/ A )
2 >
Note: The open circle around 0 e
(0, —3) above shows that this
o . . y=2gx)
point is not included in the graph.

1 For each of the following, find the maximal domain and the corresponding range for the
function defined by the rule:

a y=7—x b y=2Jx c y=x>+1
1
d y=-—v9—x? e y=— f y=3-2x2
Jx
g y=+x—-2 h y=log;(x +1) i y=+3—2x
. 1 1
Jy_x+2 k y=log,(x —5)—3 ly=2x—l
m y= & 4 n y= ! 2
) R T AT

2 Sketch each of the following:
fx)=3x—-2, x>0
h(x)=3—-2x, x> —1
g(x)=+4—x, x>-2
v(ix)=2"+1, x>0

g(x):x2+x, -1 <x<l1
px)=4, -2<x<3
Fx)=+4—-x% x<0

w(x)=1log;,x, x >1

n o & &
= oem 2 T
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4.7 Hybrid functions

Functions that have different rules for different subsets of the domain are called hybrid
functions.

179

Example 18

a Sketch the graph of the function f given by:

—x—1 for x <0

f(x)= 2x—1 for0<x <1
1 1
E)C—FE fOI'le

b State the range of f.

Solution
a ) A
3 .
21 (3,2)

1 (1 1)

-2 —Y 1 2 3 X
-

(0,-1)

Y

b Therangeisy > —1.

1 Sketch the graph of each of the following functions and state its range:

’ >O _1’ 21 A, 20
a hx)y=1" *7 b hxy=1{"" " ¢ hy=] "7
—x, x <0 1—x, x<1 x, x<0
1 , x>0 , > 1
d hy={ T2 =1 *
1—x, x <0 2—x, x<1
2 a Sketch the graph of the function:
2
-x+3, x<0
S =9 x+3, 0<x<l1
—2x+6, x>1

b What is the range of f?



180

4.8

Queensland Mathematics B Year 11

3 Sketch the graph of the function.

—x — 3, x <1
gx)=14 x =5, 1<x<5
3x — 15, x>5

4 a Sketch the graph of the function

241, >0
h(x) = x°+ X =
1 —x, x <0

b State the range of 4.
5 a Sketch the graph of the function

x + 3, x < —3
fx)=4x*-9, -3<x<3

x —3, x >3
b State the range of f.
6 a Sketch the graph of the function

1
- x>1
J)=4x
x, x<1
y A
b State the range of f. (-1,2) 5

7 Specify the function represented by
this graph:

Inverse functions

9
The function y = gx + 32 can be used to convert degrees Celsius to degrees Fahrenheit. The
S5(x —32)

9 , can be used to convert degrees Fahrenheit back to

reverse, or inverse function, y =
degrees Celsius.
As a function is a set of ordered pairs, the inverse function is the same set of pairs written in

reverse order. In the Celsius/Fahrenheit example, (0, 32) and (100, 212) are both ordered pairs
9
of the function y = gx +32. And (32, 0) and (212, 100) are ordered pairs of the inverse

S5(x —32
function y = M

The notation used for inverse functions is f~! (x) and should be read ‘inverse fof x’. In this
5(x —32)

9
example, 1 (x) = 5 +32and f'(x) = 5



Note: The —1 in f~! (x) is not an index. Although 4~!

majority of cases.

e
=5/ W #
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1
J (x)

in the vast
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Example 19

Find the inverse function of:
a {(1,2),(2,4),(3,6),(4,8)}

b y=4x+28
Solution
a {(2,1),(4,2),(6,3),(8,4)}
b y=4x+38
Inverse function is
x =4y +8 (-39
x—8=4y (=4
1
-x—2=y

4

1
iLe.y= i 2 is the inverse function of y = 4x + 8.

Example 20

For the function f(x) =2x —3, x >0
a Find /7! (x).

b Sketch the graph of both y = f (x) and y = f~' (x) on the same set of axes.

¢ State the range of y = f~! (x).

Solution

a f(x)=2x-3, x>0
y=2x-3, x>0
Inverse function is
x=2y-3, y=>0
x+3=2y
1 3
§x+5=y, XZ3_3

¢ Range:y >0

A
v ,5)
5,4
3 X
y=x y=fkx
ey

Note: It is necessary to state the domain of f~!(x) in part a because the restricted

domain is part of it.

Note: The graph of the inverse function is always the reflection of the original function

about the line y = x.
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Restricting the range

For many functions the inverse ‘function’ does not ﬂ
exist. Although y = x*> + 1 is a function, swapping Y ,
the domain and range creates a relation that is not ymarl
a function. Although the graph of y = x> + 1 passes
the vertical line test, the graph of x = y* + 1 does not.
Therefore, it is necessary to restrict the range in L2
some way to find an inverse function of at least part 1 x=y+1
of the original function. ; >
y=x (2a _1)
Find an inverse function of:
a y=x>+1
b f(x)=+4—x2
Solution
a y=x2+41 v A
Inverse function is y=x’+1
x=y"+1 (=1
x=l=y (/)
Ex—-1=y
y = £4/x — 1 is not a function. 1
However, X
y=+/x—landy = —/x — 1, yox

are both possible inverse functions
ofy =x?+ 1.

b f(x)=+4—x?
N v y=i-2

Inverse function is

x=+4-2 (squared)

x2=4—y2 (+y2)

:

X2yt =4 (—x?) -2
P=dox ()
y =4 — x?




[Example T

[Example i)

[Example P]]
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However,

y = £+/4 — x2 is not a function. y

Possible inverse functions are: 2 _\

ffx)=+v4—x2, x>0
or

f'x)=—-/4—-x2, x>0

Note: It is prudent to sketch both y = f (x) and its reflection about the line y = x in
order to ensure the correct domain is chosen for ! (x).

1

3

Find the inverse function of:

a {(1,3),(-2,6),(4,5,(7, D} b {(1,4,2,3),3,2,@, 1)} ¢ f(x)=6—2x

d f(x)=3x+3 e f(x)=§x—6 f fx)=2"
g f(x)=2log;x h f(x)=+x+2 i f(x)=v2—x

Find the inverse function of each of the following and sketch both f (x) and f~! (x) on the
same Cartesian plane:

a f(x)=2—-8x, x>0

=3

1
S@)=2x+3, x<0

c f(x)=x+4, x>-4 d f(x)=3x—-6, 0<x<2
2x, x <0
=x?, 0 = ’
e f(x)y=x°, x< f f(x) {xz, X0
Find the inverse function of:
a f(x)=x*—-1 b f(x)=x>+1
¢ f(x)=+9—x2 d f(x)=@x—-37%+1
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Modelling life-related situations

It is necessary to restrict the domain in many life-related situations. The formula C = 277 is
defined for all real values of 7, including zero and negative values. However, in the context of
finding the perimeter of a circle a more rigorous rule would be C(r) = 2mr, ¥ > 0. Note that
the domain has to be restricted because circles must have a positive radius.

Find the area of the annulus shown as a function
of the radius of the outer circle. The diameter
of the inner circle is 1 cm.

Solution

For an annulus, 4 = wR? — mr2.

1
r= > as diameter = 1 (given)
1\2
A=TI'R2—’1T<—>
2
, 1 1
AR =m(R°—-),R> —.
4 2

Find the length of the base of this rectangle as a
function of the height, given that the perimeter is 16 cm. x

Solution

For a rectangle, P = 2(b + h).
In this case, P = 16 and & = x.

c16=2(0b+x)
8=b+x
b=8—x
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Example 24

A farmer has 100 m of fencing with which to existing fence

construct three sides of a rectangular paddock

connected to an existing fence. If the width of T

paddock is x m and the area inside the yard x

is A m?, find 4 as a function of x. i
Solution

Let the length of the paddock be y.
For a rectangle:

A = length x width

A=Xy. .o, (1)
Also:
P=2x+y
100 =2x +y
y=100—2x......... (2)

Substituting equation 2 into equation 1:
A =x(100 — 2x)
Also, x and y are both positive because they are lengths.

Sox <50
SAMX)=x(100 —2x), 0 <x <50.

Note: The restricted domain is an essential part of the solution of each of
Examples 22-24.

WMAPg

1 Find the inverse function for:
a f(x)=+a*—x? b f(x)=+x2—a2 ¢ f(x)=+x2+a?
gla+ h)— gla)

2 g(x)=x%—3x + 1. Simplify

h
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3

4

[Example PZJ IS

[Exampic EEJ Y

10
11

f(x)=a—x.Solve f(x)= f~!(x) for a.

Express the surface area of a sphere as a function of its radius.

A circle is cut from a square piece of paper,
with side 8 cm, as shown. Express the area of the

remaining paper as a function of the radius of the circle. Q

a Find the area of the rectangle as a function
of x if the perimeter is 16 cm.
b Find the perimeter of the rectangle as a function

of x if the area is 20 cm?.

Find the area of a right-angled isosceles triangle as a function of the length of the
hypotenuse.

Find y as a function of x for which the isosceles
triangle shown has a total perimeter of 16 m.

Find y as a function of x for the triangle shown.

a b

5cm X

y y

Find the surface area as a function of the radius in a cylinder with a volume of 2007 cm?.

A lidded box is to be constructed
from a sheet of A4 paper, where it

is cut along the heavy lines and
folded along the dotted lines.

21 cm

30 cm

Find “Volume of the box’ as a function of ‘Length of each short cut’.
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12 An ‘even function’ is one in which f(—a) = f(a), for all possible values of a.
An ‘odd function’ is one in which f(—a) = — f(a) for all possible values of a.
Classify each of the following functions as being either an ‘odd function’ or an ‘even
function’ or as ‘neither an odd nor even function’. Give an appropriate explanation and
justification for your classification of each one.

a f(x)=7-3x?
b gx)

¢ @)

e
(%]
Tr 11T

— —4

4

|
o
W
LI N O N B B B B

-1

13 Telstra made the following offers:
Offer A

B Services and equipment at $11.65 per month; and
B Local calls at 25¢ per call.
Offer B

B Services and equipment at $15 per month; and
B Local calls at 20c per call.
Which is the better offer?
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Chapter summary

B Draw a neat and accurate graph means use graph paper and as many points as necessary
to get a smooth curve.

B A sketch should have the essential features of the graph being asked for and always enough
points to reproduce a graph of that type.

B An asymptote or boundary line is a dotted line showing the edge of the graph. Although
the graph approaches the asymptote, it never touches it.

B Graphing is not always a process of dot-to-dot. The dots are joined when it is possible to
have the dots in between as well.

A boundary point (or end point) is shown as a solid or open circle, depending on whether
it is included or not.

A relation is a set of ordered pairs.

The first number in an ordered pair is called the independent variable.

The second number in an ordered pair is the dependent variable.

The domain is the set of all possible values of the independent variable.

The range is the set of all possible values of the dependent variable.

A mapping is a diagram showing the links between the elements of the domain and the
elements of the range.

A discrete variable is a variable for which the elements of the domain can be listed.

A continuous variable is a variable for which there is an infinite number of values of the
variable between any two given values.

A function is a relation for which no two values of the independent variable are the same.
The vertical line test is useful when determining if a relation is a function or not.

A continuous function can be graphed without removing your pencil from the paper.

A discontinuous function is a function that is not continuous.

A discrete function is a function for which the ordered pairs can be listed in order of the

x values.

The notation f'(x), which is read ‘fof x’, is an important concept.

The implied (maximal) domain of a relation consists of all real numbers for which the rule

has a meaning.

B Functions that have different rules for different subsets of the domain are called hybrid
functions.

B The inverse function is simply the same rule with the domain and range swapped over.

B To find the inverse function when the equation is given, swap x for y in the equation and
make y the subject. If the resulting equation is not a function it is necessary to restrict the
domain so that it is.

B The inverse function of f(x)is f~!(x), which reads ‘inverse fof x’.

B Itis necessary to restrict the domain in many life-related situations.




Multiple-choice questions

1 Which of the following is not a function? <
A y=9—x o
B y=9-—x? M
C y=+9—x2 2
D x=9—)?

E x=9-y

2 Find the maximal domain and the corresponding range of y = v/4 — x2.
A —4<x<4 -4<y<4
B -2<x<2, -2<y<2
C 0<x=<4, -4=<y=<4
D 0<x<2, -2<y<2
E -2<x<2,0<y<2

3 Find the inverse function of y = 2x — 6.

y=2x+4+6
1
C y=6x-2
1
E y=3—§x
4 f(x)=6—2(x+7).Evaluate f(—3).
A 16
B -2
C 19
D 26
E —-14
5 g(x)=x?>—23x+5.Simplify g(a + 2).
A a*+a+3
B 3
C a>—3a+3
D 7
E a>-3a+7
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Use the following material to answer

questions 6 and 7.

The Australia Post rates table for
DL (220 x 110 mm) sized letters, which are
between 5 and 20 mm thick, describes the
cost of postage as a function of the weight
of the envelope.

6 Choose the false statement from the following:

The function is also a relation.

Postage rates: DL (220 x 110 mm)
between 5 and 20 mm thick

Weight Cost of Postage
Upto50g $1.00
Over50gto 125¢ $1.00
Over 125gt0 250 g $1.45
Over 250 g to 500 g $2.45

The dependent variable is the cost of postage.

The domain is 0 < x < 500.
The function is continuous.
The range is {$1.00, $1.45, $2.45}.

7 Choose the true statement from the following:

Both the independent and dependent variables are continuous.

The independent variable is discrete and the dependent variable is continuous.

The dependent variable is discrete and the independent variable is continuous.

Both the independent and dependent variables are discrete.

None of the above is true.
Ay B

\

\y

C v

=y

B and C are functions and A is not.
A and C are functions and B is not.
A, B and C are all functions.

A is a function and B and C are not.
B is a function and A and C are not.

\

il
/ x \ x

Choose the true statement from the following:
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10

1

A B C
4 \—»[ 8
‘4 ; :
1
1 2
™ ) 0 > 0
0 q >\

Choose the true statement from the following:
B and C are functions and A is not.

A and C are functions and B is not.

A, B and C are all functions.

C is a function and A and B are not.

= o aOw»

B is a function and A and C are not.

fx)y=4- Ex, gx) = V1 =x%and h(x) = log; x. Choose the true statement from the
following.

It is necessary to restrict the range when finding an inverse function for:

A both g(x) and A(x)

both f(x) and A(x)

all three functions

g(x) but not the other two

h(x) but not the other two

= o Aaw

Short-response questions

Using a 1 cm grid, draw neat and accurate graphs of the following equations on the number
plane:

a y=4-2%

b y2—x24+16=0

a Use the Cartesian plane to show all possible

ordered pairs (x, y) for which the rectangle X

shown has a perimeter of 20 cm.

b Use the Cartesian plane to show all possible
ordered pairs (x, y) for which the rectangle
shown has an area of 15 cm?.

¢ Use the Cartesian plane to show all possible ordered pairs (x, y) for which the rectangle
shown is covered with small 1 cm? tiles and has an area of 12 cm?.




For the relations in Question 2:

i What are the independent and dependent variables used?

ii State the domain and range of each relation.

iii Draw a mapping diagram for the relation in Question 2c.

iv State an algebraic equation for each relation.

v Classify each of the variables as being either discrete or continuous.

vi Classify each of the relations as being either continuous, discontinuous or discrete.

Classify each of these relations as being either ‘functions’ or ‘not’.
a 4x+4+3y =23

For f(x) = 2x + 5and g(x) = x2 + 2

a Evaluate:
b Simplify:
¢ Solve:

i
i
i

b y?=x>-8

d
X y
2 1
2 2
4 3
4 4
6 5

73 i g(=2)

fla+3) i gb-2)
f(x)=20 i g(x)=24

d Sketchy = f(x) + g(x).

State the maximal domain and find the corresponding range of:

Sketch each of the following on the Cartesian plane:

a y=4+x+2
3
b =
YT 2
¢ y=log(x —38)
d y= 41
Y=
a f(x)=3x-1,
b g(x)=4—x%
x+1
VOES Bl
—x —2

2

0<x<3
x> =2

for x <0
for 0 <x <2

for x > 2




Find the inverse function of:
a {(1,3),(3,4),(4,6),(7,8)}
b f(x)=2x+3

c gx)=3—-4x, x>0

9 Find the inverse function of’
a y=x>-3

b f(x)=+x2-9

10 A square is cut from a circular piece of paper, with

a diameter of 10 cm, as shown. Express the area of the
remaining paper as a function of the length of the side of the square.

11 A chocolate tray is to be constructed

from a sheet of A4 paper, where it is

cut along the heavy lines and folded
along the dotted lines. Find ‘Volume
of the tray’ as a function of ‘Length
of each cut’.

21 cm

30 cm
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Applied statistical
analysis

Objectives

To introduce the two main types of data — categorical and numerical.

To use bar charts and sector graphs to display frequency distributions of
categorical data.

To use histograms and frequency polygons to display frequency distributions
of numerical data.

To use cumulative frequency polygons and cumulative relative frequency
polygons to display cumulative frequency distributions.

To use the stem-and-leaf plot to display numerical data.

To use the histogram to display numerical data.

To use these plots to describe the distribution of a numerical variable in terms
of symmetry, centre, spread and outliers.

To define and calculate the summary statistics mean, median, range,
interquartile range and standard deviation.

To understand the properties of these summary statistics and when each is
appropriate.

To construct and interpret boxplots, and use them to compare data sets.

To use scatterplots to display bivariate (numerical) data.

To identify patterns and features of sets of data from scatterplots.

To identify positive, negative or no association between variables from a
scatterplot.

To introduce the g-correlation coefficient to measure the strength of the
relationship between two variables.

To introduce Pearson’s product-moment correlation coefficient r to measure
the strength of the linear relationship between two variables.

To fit a straight line to data by eye, and using the method of least squares.
To interpret the slope of a regression line and its intercept, if appropriate.

To predict the value of the dependent (response) variable from an

independent (explanatory) variable, using a linear equation.
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Types of variables

A characteristic about which information is recorded is called a variable because its value is

not always the same. Several types of variable can be identified. Consider the following

situations.

B Students answer the question: What colour is your hair?

B People are asked to tick one of the following: ‘strongly agree’, ‘agree’, ‘neutral’,

‘disagree’ or ‘strongly disagree’.
B Householders are asked how many newspapers they bought last week.
B Students’ heights are measured.
These situations give rise to four different data types.

1 Nominal — Each response is simply a name. There is no order to the possible responses. For
example, there is no logical order to the responses ‘black’, ‘blonde’, “brown’ etc.

2 Ordinal — Each answer is still simply a name, however, the responses can be ordered. The
ranking of ‘strongly agree’, ‘agree’, ‘neutral’, disagree’ and ‘strongly disagree’ reflects the
change of opinion from one extreme to the other.

3 Discrete — Each answer is a number and only certain values are possible. In this case, the
numbers 0, 1, 2, 3, . . . are possible responses. Discrete data are usually sourced from
counting.

4 Continuous — Each answer is a number, although the values can be any number (usually

within a particular range of values). Although most students would give their height as a
whole number, such as 175 c¢m, their actual height could be 174.5 cm or 175.49859 . ..
Continuous data are usually sourced from measuring.

The data types nominal and ordinal are collectively referred to as categorical because the

data are classified into categories. The data types discrete and continuous are collectively

referred to as numerical because the data are always numbers.

This diagram summarises the data classification described above.

Nominal
Categorical <

Ordinal

Discrete
Numerical <

Continuous

Note:

Shoe sizes come as numbers and so they are often misclassified as being discrete. They
are, in fact, ordinal. T-shirts come in ‘small’, ‘medium’, ‘large’ and ‘extra large’. The
words small, medium, large and extra large are used simply as a way of indicating

the order of sizes. Customers know that if the medium is too tight that they should try the
large or the extra large. In the same sense, when purchasing shoes, customers who

find the size 7 too small would try a 7% or an 8. The numbering is simply a way of
indicating the order of sizes.
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B The amount of money in each student’s pocket is discrete data. Although decimals are

possible, giving rise to values such as $3.85 and $0.20, as well as $5 and $10, the amount

will never have more than 2 decimal places.

Exercise fJA

1 Classify the data that arise from the following situations as nominal, ordinal, discrete or

continuous:

a

=08 e ® e T

Kindergarten pupils bring along their favourite toy, and they are grouped together under
the headings: ‘dolls’, ‘soft toys’, ‘games’, ‘cars’ and ‘other’.

The number of students on each of twenty school buses is counted.

A group of people each write down their favourite colour.

Each student in a class is weighed in kilograms.

Each student in a class is weighed and then classified as ‘light’, ‘average’ or ‘heavy’.
People rate their enthusiasm for a certain rock group as ‘low’, ‘medium’ or ‘high’.

The amount of money traded on the stock exchange each day is recorded.

The distance jumped by each competitor in the Women’s long jump is recorded.

2 Classify the data that arise from the following situations as categorical or numerical:

25

The intelligence quotient (IQ) of a group of students is measured using a test.

A group of people are asked to indicate their attitude to capital punishment by selecting
a number from 1 to 5 where 1 = strongly disagree, 2 = disagree, 3 = undecided,

4 = agree and 5 = strongly agree.

People are asked to write down their favourite number.

The total number of buses, ‘public’ and ‘private’, crossing the Gate Way Bridge each
hour is noted.

3 Classify the following numerical data as either discrete or continuous:

o & a6 T N

The number of pages in a book.

The price paid to fill the tank of a car with petrol.

The volume of petrol used to fill the tank of a car.

The time between the arrival of successive customers at an autobank teller.

The number of tosses of a die required before a six is thrown.
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Displaying categorical data: The bar chart

Nominal
Suppose a group of 130 students was asked to nominate their favourite kind of music under the

categories ‘hard rock’, ‘oldies’, ‘classical’, ‘hip hop’, ‘country’ or ‘other’. The table shows the
data for the first few students.

Student’s name

Favourite music

Daniel
Karina
John
Jodie

hard rock
classical
country

hard rock

The table gives data for individual students. To consider the group as a whole the data
should be collected into a table called a frequency distribution by counting how many of each
of the different values of the variable have been observed.

Counting the number of students who responded to the question on favourite kinds of music
gave the following results in each category.

Hard rock Other Oldies Classical Hip hop Country
62 27 20 15 3 3
Although a clear indication of the Musical preference
group’s preferences can be seen from
the table, a visual display may be
constructed to illustrate this. When the B8 Hard rock
data are nominal, an appropriate display ;Z;:"
is a sector or pie graph. O Clssia
[ Hip hop
O Country

When constructing a sector graph use the method given below to find the angles.

2
Hard rock 62 6— x 360 = 172°
130
2
Other 27 —7 x 360 = 75°
130
2
Oldies 20 —0 x 360 = 55°
130
) 15
Classical 15 — x 360 = 42°
130
Hip h 3 3 x 360 = §°
ip ho — =
PR 130
Count 3 3 360 = &°
ountr — X =
J 130
Total 130 360°
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Ordinal
Suppose the responses to a questionnaire are summarised as follows:
Strongly agree 5
Agree 12
Neutral 7
Disagree 4
Strongly disagree

Ordinal data are best represented as a bar chart because bar charts highlight the order
inherent in the responses.
The data above would appear as:

Responses to survey

14

12

10

Frequency

[ ]

Strongly Agree Neutral Disagree Strongly
agree disagree

Level of concern

Note: In both situations described above, the most common or frequent response is clearly
identifiable from the graph. ‘Hard rock’ is clearly the preferred type of music and ‘agree’ is the

most common response in the opinion survey.

The most frequent or common response is called the mode.

Note: Although bar charts can be used for nominal data, there is no order inherent in the

responses and, so, the bars can occur in an order that suits the purposes of the presenter.
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Exercise fol=;

1 A group of students was asked to select their favourite type of fast food, with the following

results.
a Draw a sector graph for these data. Food type e Ty R
b Which is the most popular food type? hamburgers 23
chicken 7
fish and chips 6
Chinese 7
pizza 18
other 8
2 Presented are the responses received to a strongly agree 21
question regarding the return of capital punishment. agree 11
a Draw a bar chart for these data. dfm,t = 42
b How many respondents either agree or strongly disagree ) 33
agree? strongly disagree 129
3 The local basketball club is buying singlets for g
their U16 players. Their purchase order is shown M 5
in the table. L 12
a Construct an appropriate graph of the data. XL 13
b What is the mode of the data? XXL 10
4 The results of a survey of secondary school watch TV 42%
students’ preferred ways of spending their leisure read 13%
time at home is given. listen to music 23%
a Construct an appropriate graph to illustrate these data. watch a video 12%
b What is the mode of the data? phone friends 4%
other 6%
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5.3 Displaying numerical data: The histogram

The numbers of siblings reported by each student in Year 11 at a local school is as follows:
2 3 4 0 3 2 3 0 4 1 0 0 1 2 3
o 2 1 1 4 5 3 2 5 6 1 1 1 0 2
23 4 1 1 0 9 0 1 1 1 1 1 0 1

a Construct a frequency distribution of the number of siblings.
b Construct a frequency histogram of the number of siblings.

Solution
2 [ Number | 0] 1| 2] 3] 4] 5] 6] 7] 8] 9

Frequency 9 15 7 6 4 2 1 0 1
b

154

5

5 10

g

=

Sa

0 T T T T T T T T T T

0 1 2 3 4 5 6 7 8 9

Number of siblings

Note: To construct the frequency distribution, count the numbers of students
corresponding to each of the numbers of siblings, as shown in part a.

Note: A histogram looks similar to a bar chart. The difference is that the columns all
touch each other. For discrete data the actual data values are located at the middle of

the appropriate column, as shown above.

An alternative display for a frequency distribution is a frequency polygon. It is formed by
plotting the values in the frequency table with points, which are then joined by straight lines.
A frequency polygon for the data in Example 1 is shown by the red line in this diagram.

154
2
= 104
3
o
=t
~ 54
0 T T T T T T T * ?/T\
0 1 2 3 4 5 6 7 8 9

Number of siblings
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When the range of responses is large it is usual to gather the data together into subgroups or
class intervals. The number of data values corresponding to each class interval is called the
class frequency.

Class intervals should be chosen according to the following principles:

B Every data value should be in an interval.
B The intervals should not overlap.
B There should be no gaps between the intervals.

The choice of intervals can vary but, generally, a division that results in about 5 to
15 groups is preferred. It is also usual to choose an interval width that is easy for the reader to
interpret, such as 10 units, 100 units, 1000 units etc. (depending on the data). By convention,
the beginning of the interval is given the appropriate exact value, rather than the end. For
example, intervals of 0—49, 50-99, 100—149 would be preferred over the intervals 1-50,
51-100, 101-150 etc.

- [

A researcher asked a group of people to record how many cups of coffee they drank in a

particular week. Here are the results.

0O O 9 10 23 25 0O 0 34 32 0 0 30 0 4
5 0 17 14 3 6 0 33 23 0 32 13 21 22 6
8 19 25 25 0 O O 2 28 25 14 20 12 17 16

Construct a frequency distribution and, hence, a histogram of these data.

Solution
The range of values is 0-34. An interval N e
width of 5 gives seven intervals. cups of coffee | Frequency
04 16
5-9 5
10-14 5
20 4 15-19 4
20-24 5
g 137 25-29 5
= 10 30-34 5
S8
5
0

5 10 15 20 25 30 35
Number of cups of coffee
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Example 2 was concerned with a discrete numerical variable. When constructing a frequency
distribution of continuous data, the data are again grouped, as shown in Example 3.

- [Eemme

The following are the heights of the players in a basketball club, measured to the nearest

millimetre.

178.1 185.6 173.3 193.4 183.1 193.0 1883 189.5 184.6 2024 1709
183.3 180.3 182.0 183.6 184.5 185.8 189.1 178.6 194.7 1853 188.7
192.4 203.7 191.1 189.7 191.1 180.4 180.0 180.1 170.5 179.3 193.8
196.3 189.6 1839 177.7 184.1 183.8 174.7 178.9

Construct a frequency distribution and, hence, a histogram of these data.

Solution
Players’ heights (cm) | Frequency 15+
170 — 4
>
175 — 5 % 10
180 — 13 g
185 — 9 =5
190 — 7 _,—‘
0 T T
195 - 1 170 175 180 185 190 195 200 205
200 — 2 Players’ heights (cm)

Note: All values of the variable that are 170 or more, but less than 175, have been
included in the first interval. The second interval includes values from 175 to less than
180, and so on for the rest of the table.

The interval in a frequency distribution that has the highest class frequency is called the
modal class.

In Example 3, the modal class is 180.0—184.9.
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Using technology
Using the TI-Nspire:
1 To access the Lists press enter on the Using the ClassPad:
Lists & Spreadsheet application. 1 To access the Lists application tap

—
Les,
i
M Avorme [ oo
v

1:Caleulator  2:Graphs & ...

,z‘ Il:stl |l|st2 list3 |

5:Data & Sta... B:New Doc...

2 @

Tty Docu S:System Info SiHints

[

Add a new page with a Lists & Spreadsheet
application to the open document.

RAD APPRX RECT

o G B = 5 A0 00 ) T U e GO B

Deg Auto Decimal qan]

2 Rename list 1 and call it ‘height’.

This is done by tapping on the

word ‘list]” and then typing

A7 |
height, followed by @&®.

2 Move the cursor to the blank cell next to

¥ Edit Calc SetGraph

column A, type height then press . --@mﬁ-u
EX]

This has now given column 1 the name |he,g|-,r_ |1,5t2 liztz [~

‘height’.

RAD APPRX RECT

B G0 B 0 A0 00 =] i L e G B

Deg Auto Decimal qnj
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3 Enter the data into ‘height’. 3 Enter the data into ‘height’.

RAD APPRX RECT

¥ Edit Calc SetGraph

list2  [list3

[ a2 |

4 Highlight the first column by pressing the
up arrrow until the column is shaded.

Deg Auto Decimal ]

4 To ensure a histogram is drawn for
height, tap SetGraph then tap on
Setting. . . Change Type to Histogram
and change the XList to main/height.
Tap to save the changes.

Set StatGraphs B
|1|253|4|5|5|?|3[9i
[1| Drau: & On QOff

5 To draw a histogram for these data, press

Type: [Histogram [+
and press on Quick Graph from the Data wlict: z
submenu. Freq:

B 1: Actions
o 2 Insert
1353 Data 1: Generate Sequence
4; Statistics 2: Data Capture
=X 5: Function Table |2: Fill Do

'.D APPRX RECT

|

Deqa Auto Decimal (11}

5 To see the histogram, tap [Lia].
6 Put HStart: 170 and HStep: 5, and then
tap OK.
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ﬁm “RAD APPRX RECT ] “ Edit Calc SetGraph
I.l-:eight .._ i'
I 178.1
2 182.3
B 1924] o &
B ez 0 g0
I 185.6 ) L mm?:om% o
——F V1
[4[height i

Since the default setting is a dot plot,
press and select Histogram from the Plot

Type submenu.

E 7z Plot Typel 5. 1: Dot Plot
= 2: Plot Prop{4I-2: Box Plot Dea Auto Decimal <o)
lk 3: Actions |,
L 42 Window/ 2
= |\V Zoom Analysis Calc 4 E“

I 178.1 :
2 183.3 5 heiht [istz  [lists
B 1924 oo
B ez 0 g0

R - O (o 00
I 185.6 U] |oo wmecmom o

I— V1
- 174 184 194 204

l:‘\ I height height

2] RAD APPRX RECT ]

- g 77
I 178.1 & &7
=
2 182.3 8
B 1924 3
 EE ﬂﬂ Deg Auto  am
T boo sy mi .
esize
D.Iheight ! She;]g? 2 7 Tap Hefg for a full-screen shot of the

6 For a full-screen view of the graph, press: histogram.

@ @ ® @ @ [ W Zoom Analysis Calc 4 IEI'
. Scroll to Page Layout — Select -EE@-@E@E

Layout — 1: Layout 1.

jﬁ\ RAD APPRX RECT ]

6- 515

LRI

: -14
170 175 180 188 190 195 200 205 i ]

214

Deg Auto i
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Press and select Window Settings 8 Select Trace from the Analysis menu to
from the Window/Zoom submenu and determine the frequencies for each class.
enter the information below. [ Zoom Analysis Calc ¢ B
| & [ER [ [ [v]
RAD APPRX RECT | _ 27
E XMin: I 170 |
o 64 :
é | XMWax: 1205 | )
O 4 |Min: i 214
34 w4 | T+
0_'_ | Cancel I | | !
170 175 180 185 190 195 200 205
height
xc=178 Fc=4
|5tatGraphl |
To change these data values to a more Deg Auto =

suitable interval width, press @end), then
navigate to Plot Properties — Histogram
Properties — Bin Settings and enter the
information below.

2] RAD APPRX RECT |

Count

o 0 O S e

172 178 184 190 1
height

Press on OK.
2] RAD APPRX RECT |

50
H

12

= 94

=

3 ]

0O 64 (3
o

ol L
172 178 184 190 196 202

height
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9 To determine the frequencies of each
class, put the cursor on the bar for the
required interval and hold down the

button for 3 seconds, then let go.

i B RAD APPRX RECT 7]

175.0

Count

1 Tt
172 178 184 190 196 202
height

Relative and percentage frequencies
When frequencies are expressed as a proportion of the total number they are called relative
frequencies. By expressing the frequencies as relative frequencies more information is
obtained about the data set. Multiplying the relative frequencies by 100 readily converts them
to percentage frequencies, which are easier to interpret.

An example of the calculation of relative and percentage frequencies is shown in

Example 4.

Example 4

Construct a relative frequency distribution and a percentage frequency distribution for the

players’ heights data.

Solution
Players’ heights (cm) | Frequency | Relative frequency | Percentage frequency
4
170 — 4 — ~0.10 10%
41
5
175 — 5 — ~0.12 12%
41
13
180 — 13 — ~0.32 32%
41
9
185 — 9 — ~0.22 22%
41 °
7
190 — 7 — ~0.17 17%
41 °
1
195 — 1 — ~0.02 2%
41 °
2
200 — 2 — ~0.05 5%
41

Note: From this table it can be seen, for example, that 9 out of 41, or 22% of players,
have heights from 185 c¢m to less than 190 cm.
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Both the relative frequency histogram and the percentage frequency histogram are identical to
the frequency histogram — only the vertical scale is changed.

Cumulative frequency distribution

To answer questions concerning the number or proportion of the data values that are less than a
given value, a cumulative frequency distribution or a cumulative relative frequency
distribution can be constructed. For both a cumulative frequency distribution and a
cumulative relative frequency distribution, the number of observations in each class are

accumulated from low to high values of the variable.

- [EEE

Construct a cumulative frequency distribution and a cumulative relative frequency distribution

for the data in Example 4.

Solution
Players’ heights Cumulative Cumulative relative
(cm) Frequency frequency frequency
<170 0 0 0.00
<175 4 4 0.10
<180 5 9 0.22
<185 13 22 0.54
<190 9 31 0.76
<195 7 38 0.93
<200 1 39 0.95
<205 2 41 1.00

Note: Each cumulative frequency was obtained by adding preceding values of the
frequency. In the same way, the cumulative relative frequencies were obtained by
adding preceding relative frequencies. Thus, it can be said that a proportion of 0.54, or
54%, of players are less than 185 cm tall.

A graphical representation of a cumulative
frequency distribution is called a cumulative 40
frequency polygon and has a distinctive §
appearance, as it always starts at zero and % 301
is non-decreasing. % 20 4
This graph shows, on the vertical axis, the g 0
number of players shorter than any height
given on the horizontal axis. The cumulative 0 B ——
relative frequency distribution could also be 170 175 180 185 190 195 200 205

. . Players’ heights (cm)
plotted as a cumulative relative frequency Y ¢

polygon, which would differ from the cumulative frequency polygon only in the scale on the
vertical axis, which would run from 0 to 1.
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Exercise [8]@®

1 The number of pets reported by each student in a class is given in the following table:

2 3 4 0 3 2 3 0 4 1 0
0 2 1 1 4 5 3 2 5 6 1

Construct a frequency distribution of the numbers of pets reported by each student.

2 The number of children in the family for each student in a class is shown in this histogram.

—_
(=)
|

1

1

1

1

W
|

1

1

Number of students

]

0 T T T T T T T T T T
1 2 3 4 5 6 7 8 9 10

Size of family
How many students are the only child in a family?
What is the mode of the data?
How many students come from families with six or more children?

e e T o

How many students are there in the class?

This histogram gives the scores on a general knowledge quiz for a class of Year 11 students.

—_
(=]
|

Number of students

10 20 30 40 50 60 70 80 90 100
Marks

a How many students scored 10—19 marks?
b How many students attempted the quiz? ¢ What is the modal class?
d If a mark of 50 or more is designated as a pass, how many students passed the quiz?

The maximum temperatures for several capital cities around the world on a particular day,

in degrees Celsius, were:

17 26 36 32 17 12 32 2
16 15 18 25 30 23 33 33
17 23 28 36 45 17 19 37
31 19 25 22 24 29 32 38

a Construct a frequency distribution for these data.
b Construct the corresponding relative frequency distribution.
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¢ Draw a histogram from the frequency distribution.
d What percentage of cities had a maximum temperature of less than 25°C?

A student purchases 21 new textbooks from a school book supplier, with the following
prices (in dollars):

21.65 14.95 12.80 7.95 32.50 23.99 23.99
7.80 3.50 7.99 42.98 18.50 19.95 3.20
8.90 17.15 4.55 21.95 7.60 5.99 14.50

a Draw a histogram of these data, using appropriate class intervals.
b What is the modal class?
Construct a cumulative frequency distribution for these data and draw the cumulative

o

frequency polygon.

A group of students was asked to draw a line which they estimated to be the same length as
a 30 cm ruler. The lines were then measured (in cm), giving the following results:

303 309 312 323 313 307 328 31.0 333 307
322 30.1 31.6 321 314 318 329 319 294 316
32.1 312 30.7 321 308 29.7 30.1 289

a Construct a histogram of the frequency distribution.

b Construct a cumulative frequency distribution for these data and draw the cumulative
frequency polygon.

¢ Write a sentence to describe the students’ performance on this task.

Given are the marks obtained by a group of Year 11 Chemistry students on the end-of-year
exam.

21 49 58 68 72 31 49 59 68 72
33 52 59 68 82 47 52 59 70 91
47 52 63 71 92 48 53 65 71 99

a Using a graphics calculator, or otherwise, construct a histogram of the frequency
distribution.

b Construct a cumulative frequency distribution for these data and draw the cumulative
frequency polygon.

¢ Write a sentence to describe the students’ performance on this exam.

The following 50 values are the lengths (in metres) of some par 4 golf holes from Brisbane
golf courses.

302 272 311 351 338 325 314 307 336 310
371 334 369 334 320 374 364 353 366 260
376 332 338 320 321 364 317 362 310 280
366 361 299 321 361 312 305 408 245 279
398 407 337 371 266 354 331 409 385 260

a Construct a histogram of the frequency distribution.
b Construct a cumulative frequency distribution for these data and draw the cumulative
frequency polygon.
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¢ Use the cumulative frequency polygon to estimate:
i the proportion of par 4 holes less than 300 m in length
ii the proportion of par 4 holes 360 m or more in length
iii the length that is exceeded by 90% of the par 4 holes

Using Excel to draw graphs

The students at a Brisbane secondary school were asked to estimate the ages (in years) of the

teaching staff at the school and their results were presented as a graph, as shown below.

E microsoft Excel - Bookd

| Tyvrs & gueshion for el & e ﬁ-’_.n

A F G i i J
k) % a2 k3] 0 4@ E<) £
7 7 55 » 3 @ 8 £
55 P &0 £ 50 48 E £l
EJ) 0 3 E?) i 49 3 37
48 | 0 43 E . 5 % =
L E ] a » 48 I k]
Bl 0 30 £ ] a0 Q &
I E 1) a5 a 3 0 ) 4
53 3 & 2 a0 a7 0 2 4
) 2 a8 50 40 50 53 45 )
5 32 4 - 40 4 54 43 48
47 3 45 35 M S8 54 42 48
E"] 3 5 45 I B0 5 54 3
&5 % &% as a2 % % 4 4
@ % I3 a5 2 a % 45 a3
] 3% 4E 50 42 0 &5 k] 43
b3 £ E = 42 3l 55 I M
41 5 &8 88 2 4 54 45 a
18 % a | 4 2 | 8 5 | & 64
5 % a7 £ [5) 0 ] b 6 -
45 &0 @ | @ 55 &0 » i 7 &8 [
Estimated Ages of Stall | il
Group | Mar  Frequency Estimated Ages of Staff |
o®m | =5 | & | |
MNP | W5 | &
4049 | 495 | o=
5059 595 | 32
6069 695 | W _
|
. | |
. I. [
|
01 03I 049 0N G0
hge b
M e+ Whsheetl [Sheet2 [ Sheetd / € ——— = ! |
Raady |
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To create the frequency table

1 Highlight CCHS 6261030. | winc b ﬂ,||:||||||_'||.r"..
. FRECHLENCY
2 Select Function from the e pype [l = 139,26, 50,4442, 30
Insert menu. Bins_array 525629 ()= 129539 549555,
= {66098 32; 14)
3 Select FREQUENCY Cakiulstes how often vahues ot within o renge of values and Hmrmiumgg mmw

of rumbees harding one moes slement than Birs_amay,

4 Enter A1:J21 in the
Bins_arvay & ah sray of or reference bo inbervils inko which inou went bo group the
Data_array. wakies . data_array,

5 Enter B26:B29 in the e ‘
Hislg o thes Punchion Lo J[ coaesl |

Bins_array. (Note: The

Bins_array is one cell shorter than the frequency column highlighted in step 1. Read about
FREQUENCY in Excel Help for more information on this.)

6 Press CTRL SHIFT ENTER to execute. (Note: Enter by itself will not work. Again, read
Excel Help on this.)

To create the frequency histogram

1 Select Column Graph from the -
Chart Wizard. Chail Wizard - Step 7 of 4 - Chart Source Data 2 ril

Dats Rangs | Series |

2 The Data Range is the Frequency

column. In Series, the Category (X)

axis labels is the Group column.

3 Complete Chart Title, Category (X)
axis and Value (Y) axis.

4 Select Finish.

Come ) (<o s ) (e )
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To convert the column graph to a histogram
1 Right click on a column and

Sotrce Dala |? r_;l
select Format Data Series. ;
| DataRange | Senes
2 Set the Gap Width to Zero in =
Options. wa
0
FLE .
[}
20:3% 2333 04 318 (LS 8]
Series
ETT e | _
Vslies:  |mSheet] CIZECEN
Category () axes labets: | =Shaet | 1§A4526:44430 [E
[ concel | [ <goc ][ get> ][ o |

Characteristics of distributions
of numerical variables

Distributions of numerical variables are characterised by their shapes and special features,
such as centre and spread.

Two distributions are said to differ in centre if the values of the variable in one distribution
are generally larger than the values of the variable in the other distribution. Consider, for
example, the following histograms shown on the same scale:

a b

Ollllllllllllllllll

10 15 Olllléllllll()llllllslll

It can be seen that plot b is identical to plot a but moved horizontally several units to the
right, indicating that these distributions differ in the location of their centres.

The next pair of histograms also differ, but not in the same way. Although both histograms
are centred at about the same place, histogram d is more spread out. Two distributions are said
to differ in spread if the values of the variable in one distribution tend to be more spread out
than the values of the variable in the other distribution.
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¢ d
5 10

5 10 15 15

A distribution is said to be symmetrical if it forms a mirror image of itself when folded in
the ‘middle’ along a vertical axis; otherwise it is said to be skewed. Histogram e is perfectly
symmetrical, whereas f shows a distribution that is approximately symmetrical.

e f

]

LN N N B B B A B B B B B B B B B LI R S B S B B BN B B B B B B B

5 10 15 5 10 15

If a histogram has a short tail to the left and a long tail pointing to the right it is said to be
positively skewed (because of the many values towards the positive end of the distribution), as
shown in the histogram g.

If a histogram has a short tail to the right and a long tail pointing to the left it is said to be
negatively skewed (because of the many values towards the negative end of the distribution),
as shown in histogram h.

g h

positively skewed negatively skewed
> <

>

0 15

0
3 1 0 5 10 15

Knowing whether a distribution is skewed or symmetrical is important as this gives
considerable information concerning the choice of appropriate summary statistics, as will be
seen in the next section.

Exercise E

1 Do these pairs of distributions differ in centre, spread, both or neither?

a -
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b

At

T T T 0Illllll L

il D
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0

2 Describe the shape of each of the following histograms:

a | b
0 T T T U U U U U U U U U T L T T 0
c -
L ’—’_l_l_’_i_‘i U U U U U T Q !:!
0

3 What is the shape of the histogram drawn in Question 6, Exercise SC?
4 What is the shape of the histogram drawn in Question 7, Exercise 5C?

5 What is the shape of the histogram drawn in Question 8, Exercise SC?

55 Stem-and-leaf plots
An informative data display for a small (fewer than 50 values) numerical data set is the
stem-and-leaf plot. The construction of the stem-and-leaf plot is illustrated in Example 6.

Example 6

Early in 2008 the number of test matches played, as captain, by each of the Australian cricket

captains was:

3 16 2 1 &8 3 6 4 8 21 2 15 10 6
o 11 2 5 25 5 24 1 24 2 17 1 5 28
1 39 2 25 1 30 48 7 28 93 50 57 6 37

Construct a stem-and-leaf plot of these data.
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Solution
0 21 8%»64826255121512176
1 6500 17
2 1 54485 8
2 9 0 7
4 8
5) 0 7
&
7
8
9 C)
Number of test matches as captain
0 1111 12222223%3%4555¢6¢6¢678 8
1 001567
2 1 4455 8 8
2 07 9
4 8
5] 0 7
&6 3 | 9 indicates 39 matches
2
8
9 2

Note: Students are advised to make an unordered plot followed by an ordered plot, as
shown in the example above. The unordered plot is made by writing the numbers in
the order they appear in the original list and allows the student to roughly sort the data
into groups first. Inclusion of the heading and key with the ordered plot is essential to
a complete solution.

It can be seen from this plot that one captain has led Australia in many more test
matches than any other (Allan Border, who captained Australia in 93 test matches).
When a value sits away from the main body of the data it is called an outlier.
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Stem-and-leaf plots have the advantage of retaining all the information in the data set while
achieving a display not unlike that of a histogram (turned on its side). In addition, a
stem-and-leaf plot clearly shows:

B the range of values

where the values are concentrated

the shape of the data set

whether there are any gaps in which no values are observed

any unusual values (outliers).
Grouping the leaves in tens is simplest — other convenient groupings are in fives or twos, as
shown in Example 7.

R =

The birth weights, in kilograms, of the first 30 babies born at a hospital in a selected month are

as follows:

2.9 2.7 3.5 36 28 3.6 3.7 3.6 3.6 29
3.7 3.6 32 29 32 2.5 2.6 3.8 3.0 4.2
2.8 3.5 33 3.1 30 42 3.2 24 43 3.2

Construct a stem-and-leaf plot of these data.

Solution 1

Birth weights of babies
219 7 8 9 9 5 &6 8 4
2|5 6 6717 6 67 6 22 805310 2 2
412 2 3 2 | 0 indicates .0 kilograms

Birth weights of babies

2|4 5 67 8 8 9 9 9

1 2 2 2 2 %2 5 5 6 6 6 6 6 7 7 8
412 2 3 2 | 0 indicates 2.0 kilograms

Solution 2

Birth weights of babies

N Y W NN
N OO O OO N
D N ®
D N ®
» N ©
» N ©
~ vV ©

N OO O O
N

2| 0 indicates 2.0 kilograms
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Solution 3
Birth weights of babies
2|4 5
2|16 7
2|18 8 9 9 9
210 0 1
22 2 2 2 3>
2|6 &
216 6 6 6 6 71 17
2|8
4 2 | 0 indicates .0 kilograms
4|12 2 3

Note: The stem-and-leaf plot in Solution 2 can be described as having an interval of 5
because there are only five possible numbers next to each stem: either 0—4 or 5-9. It
could also be described as having two rows per stem. Similarly, the stem-and-leaf
plot in Solution 3 can be described as having an interval of 2 because there are only
two possible numbers next to each stem: either 0—1, 2-3, 4-5, 67 or 8-9. It could
also be described as having five rows per stem.

None of the stem-and-leaf displays shown are correct or incorrect. A stem-and-leaf
plot is used to explore data and more than one may need to be constructed before the
most informative one is obtained. Again, between 5 and 15 rows is generally the most
helpful, but this may vary in individual cases.

When the data have too many digits for a convenient stem-and-leaf plot they should be
rounded or truncated. Truncating a number means simply dropping off the unwanted digits.
So, for example, a value of 149.99 would become 149 if truncated to three digits, but 150 if
rounded to three digits. Since the object of a stem-and-leaf display is to give a feeling for the
shape and patterns in the data set, the decision on whether to round or truncate is not very
important; however, generally when constructing a stem-and-leaf display the data are
truncated, as this is what commonly used data analysis computer packages will do.

Some of the most interesting investigations in statistics involve comparing two or more data
sets. Stem-and-leaf plots are useful displays for the comparison of two data sets, as shown in
the following example.
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This table gives the number of points scored by Queensland and New South Wales in the
Rugby League State of Origin Series each year since 1994.

Queensland

43 38 26 38 53 27 42 72 48 52 44 56 62 39
New South Wales

38 36 47 35 53 30 104 56 68 58 63 84 37 42

Construct a back-to-back stem-and-leaf plot of the data and use it to compare Queensland and
New South Wales in the Rugby League State of Origin Series.

Solution
Points scored in the State of Origin Series
Queensland New South Wales
76| 2
988|2% (0567 8
842 2| 4|27
6% 2|5 |3%68
2| 6|38
2|7
8 | 4
9
10| 4
2| 4 represents 42 points 4 | 2vepresents 42 points

The back-to-back stem-and-leaf plot suggests that New South Wales scored more
points in a State of Origin Series than Queensland. This is shown in two ways. The
last two entries on the right-hand side are lower than any entry on the right; that is, the
highest two scores went to New South Wales. Also, the New South Wales entries are
centred lower in the table than the Queensland entries, which indicates that, on
average, New South Wales scores more points than Queensland.

Note: The text written below the graph is crucial to a complete response to the question.
The question asks that the plots of data be used to compare the two States. Therefore,
the response must make the comparison and refer to the graph in doing so.
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Exercise o=

The mean number of days of rain of >1 mm each month in Brisbane are shown in the
table below.

Month J F M A M J J A S O N D

Days of rain | 8.4 8.8 9.4 6.8 58 45 42 40 44 59 65 7.7

a Construct a stem-and-leaf plot of the mean number of days of rain each month in
Brisbane.
b In how many months is the mean number of days of rain in Brisbane 7 or more?

An investigator recorded the amount of time 24 similar batteries lasted in a toy. The results

in hours were:

255 39.7 299 236 269 313 214 274 195 298 334 218
42 256 169 189 46.0 33.8 368 275 251 313 412 329

a Make a stem-and-leaf plot of these times with two rows per stem.
b How many of the batteries lasted for more than 30 hours?

The amount of time (in minutes) that a class of students spent on homework on one
particular night was:

10 27 46 63 20 33 15 21 16 14 15
39 70 19 37 67 20 28 23 0 29 10

a Make a stem-and-leaf plot of these times.
b How many students spent more than 60 minutes on homework?
¢ What is the shape of the distribution?

The cost of various brands of athletic shoes at a retail outlet are as follows:

$49.99 §$75.49 $68.99 §164.99  $7599 $39.99 $35.99 §$52.99
$210.00 $84.99 $36.98  $9549  $28.99 $2549 $78.99 $45.99
$46.99 §$76.99 $82.99  $79.99 $149.99

a Construct a stem-and-leaf plot of these data.
b What is the shape of the distribution?

The students in a class were asked to write down the ages (in years) of their mothers and
fathers.

Mother's age
49 50 43 50 47 50 40 46 49 49 42 44 38
43 44 40 39 40 41 43 45 48 38 43 37 43
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Father’s age
50 51 41 55 51 48 47 47 52 54 41 44 40
43 46 44 44 48 43 48 43 46 48 49 45 46

a Construct a back-to-back stem-and-leaf plot of these data sets.
b How do the ages of the students’ mothers and fathers compare in terms of shape, centre
and spread?

6 The results of a mathematics test for two different classes of students are given in the table.

Class A
22 19 48 39 68 47 58 77 76 89 85 82
85 79 45 82 81 80 91 99 55 65 79 71

Class B
12 13 80 81 83 98 70 70 71 72 72 73
74 76 80 81 82 84 84 88 69 73 88 91

a Construct back-to-back stem-and-leaf plots to compare the data sets.

b How many students in each class scored less than 50%?
Which class do you think performed better overall on the test? Give reasons for your
answer.

5.6 Interpretation of graphs

1 Refer to the graph to answer these questions.

a How many females got an OP15? b How many males got an OP4?
¢ What was the modal OP score? d What was the modal OP score for females?

OP scores 2005-06

1600

1400 -
1200 ~

1000 ~ II
w L LHAREE

";'é @ Male
=1
4 II III o Female
600 AR IIII
400 AR IIIII
200 - HHHAEAA A
O rrTrrTrTroTrTo T T T T T T T T T T T T T T T T T T

— N N >~ N —~ 0N n >~ O
— = e = e

— o Vel

o™ o (o)}
OP score

Source: www.qtac.edu.au
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University enrolments from 17-year-old Queenslanders
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—o— 17-year-old
Queensland
population

—=— Year 12
students

—&— Enrolments

60000
5
"E 30000
=]
Z
20000 ~
10000 ~
0 —————— — e
N v O > X N DO = A n T v O
T2 2222323373332
[N - G =T ST =\ =T B o B o B~ (Y BN =)
D DD DD DD DD DN Do o 2
AN NN DD & O O O o o o o
= = = = = = = A A A a4 A A A

Admissions period

Source: www.qtac.edu.au

2006-07?

How many 17-year-old students were there in Queensland in the admission period

When did the 17-year-old population of Queensland rise above 50 000?

In which admission period did the lowest number of 17-year-old Queenslanders

complete Year 12?

university?

shown in this graph and table.

What proportion of 17-year-old Queenslanders completed Year 127
In which admission period did the highest proportion of Year 12 students enrol into

Brisbane’s main water supply is managed by SEQWater and comes from the three dams

Item

Wivenhoe

Somerset

North Pine

SEQWater totals

Storage volume FSL (ML)

1165240

379850

214960

1760 050
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SEQWATER

Wivenhoe, Somerset and North Pine dams

% Full
53
3

é

10-Apr-03 prm—rrr—rrr—rrr
10-Jul-03

« < =S < b= v 3 w“w [la) o 2 © o o~ S ~ [ %
PR N T A A
o = <F 3 Q H‘T <F 2 Qo = < = Qo = < = Q =
SO N G O O s O S G (D
——— Wivenhoe dam Somerset dam North Pine dam Total system

Source: www.seqwater.com.au

a What percentage of total capacity was the total system holding on 10th October, 2004?

b  When did the amount of water in Wivenhoe Dam first drop below 50% over the period
April 2003—February 2008?

¢  When was the Somerset Dam at its lowest over the period April 2003—February 2008?
How many megalitres of water were in the North Pine Dam on 10th July, 2003?
Which dam held the most water on 10th April, 2007?

4 In the graph below, the world oil price is shown at the end of each quarter and the bus and

train patronage is shown at the end of each financial year.

Brisbane bus & train patronage vs World oil price
65000 1 1999/00 to 2005/06

60000 /

55000

T 1
~ 0
S O

T
(=N
(=}

[ Train

T
W
(=]

B
50000 & Bus

45000 I:H m m ’_H |_H
40000 +————"————"+"F+——+"F4F——""+F———
Q

How many people caught the bus in the financial year 2002/03?

T T
N W
(=R ]

- Oil price

Annual patronage ("000)
-‘;
S

With price, $US/barrel

T
—_
(=}

(=}

How many people caught the bus or train in the financial year 2004/05?
When did the world oil price first rise above US$50/barrel?
Find the percentage increase in the use of trains over the period shown in the graph.

o & 6 T o

A researcher suggests that the use of public transport increases as the world oil price
increases. Discuss.
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5 Refer to the graph to answer these questions.

a By how much did the US Federal drug control budget increase over the period
1991-2003?
b Find the average annual growth rate as a percentage over the period 1991-2003.

Federal drug control budget (in billions)

$20
$18 -
$16 -
$14 — -
$12 -
$10 Note: As of 2004, ONDCP has changed its —
budgetary reporting practices, and no longer
$8 includes costs of enforcement and incarceration | |
as part of its ‘Federal drug control budget’.
y I T B [ B [ B

1991 1993 1995 1997 1999 2001 2003

Source: US Bureau of Justice Statistics: ONDCP, FY 2003 National Drug Control Budget, February 2002.

6 The red line in the graph below shows the probability that a single board will score a bingo
exactly when the nth number is called. The blue line shows the cumulative single-board
probability that a bingo will hit on or before the nth number is called.

a  What is the probability that bingo will be called when the 34th number is called?
b What is the probability that bingo will be called on or before the 34th number is called?
¢ By which number will 90% of bingo games be over?

Single board probability for bingo

0.11 1.1
0.10 10
0.09 0.9
50.08 08
£ 0.07 07 =
o) =}
S 0.06 0.6 5
o a,
£ 0.05 0.5 o
50.04 04 E
2 0.03 03 §
o
2 0.02 0.2
0.01 0.1
0.00 0.0
) —— |

1 47 10 1316 1922 25 28 31 34 37 40 43 4649 52 55 58 61 64 67 70 73
Quantity of numbers picked

—— Single turn probability Cumulative probability
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9.7

Example 9
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Summarising data

The purpose of collecting data and either presenting it in a graph, finding the average of the
data or making some other calculation is often to make some prediction or statement about the
general underlying population.

A statistic is a value that is calculated from a sample of data. It is often used to estimate or
compare with some parameter of the underlying population from which the sample was
taken.

Consider the exercise: Measure the heights of all of the students in your Maths class, then
add up the heights and divide by the number of students. The data are the heights of the
students; the statistic is the mean height of the students in your Maths class; and the list of
heights can be considered to be a sample of the heights of the general population of Year 11
students across Queensland.

If your class can be considered to be a random sample of Year 11 students across
Queensland then the mean height of your class can be used to estimate the mean height (a
parameter) of the underlying population. The sample mean is said to be an unbiased
estimate of the population mean.

Summary statistics are generally either measures of centre or measures of spread. There
are many different examples for each of these measures and there are situations when one of

the measures is more appropriate than another.

Measures of centre
Mean

The most commonly used measure of centre of a distribution of a numerical variable is the
mean. This is calculated by summing all the data values and dividing by the number of values
in the data set.

The number of points scored each season by the Queensland Reds in the Super 12 competition

is shown below.
320 263 273 233 317 300 336 281 217 185
Find the mean number of points scored per season.

Solution

3204+ 263 +273 +--- 4+ 185
10

Mean =
=272.5
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The mean of a sample is always denoted by the symbol X, which is called ‘x bar’.

In general, if n observations are denoted by x1, X7, . ..., x, the mean is

where the symbol ) is the upper case Greek sigma, which in mathematics means ‘the sum

of the terms’.

Note: The subscripts on the x pronumerals are used to identify all of the » different values of x.

They do not mean that the x pronumerals have to be written in any special order.

Median

Another useful measure of the centre of a distribution of a numerical variable is the middle
value or median. To find the value of the median, all the observations are listed in order and
the middle one is the median.

The median of

median
23455 [6] 7788 11

is 6, as there are five observations on either side of this value when the data are listed in order.

Example 10

Find the median number of points scored in a season by the Queensland Reds in the Super 12
competition. (Use the data from Example 9.)

Solution

185 217 233 263 273 281 300 317 320 336

H/_J

273 4 281
N 2
=277

Median
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In general, to compute the median of a distribution:

B Arrange all the observations in ascending order, according to size.

1
B Calculate n

1 1
i is a whole number, then

B Count along the ordered row to the th place. If !

n—+1

you have the median. If is not a whole number, then the counting will finish

between two numbers. Average them to find the median. (Note: This was done in
Example 10.)

Note: The median value is easily determined from a stem-and-leaf plot by counting to the

required observation or observations from either end.

Mode

The mode is the observation that occurs most often. It is a useful summary statistic,
particularly for categorical data that do not lend themselves to some of the other numerical
summary methods. Many texts state that the mode is a third option for a measure of centre but
this is generally not true. Sometimes data sets do not have a mode, or they have several modes,
or they have a mode that is at one or other end of the range of values.

Measures of spread
Range

A measure of spread is calculated in order to judge the variability of a data set. That is, are
most of the values clustered together or are they rather spread out? The simplest measure of
spread can be determined by considering the difference between the smallest and the largest
observations. This is called the range.

- [EEmT

Consider the marks, for two different tasks, awarded to a group of students.
Task A

2 6 9 o 11 12 13 22 23 24 26 26 27 33 34
35 38 38 39 42 46 47 47 52 52 56 56 59 91 94

Task B

11 16 19 21 23 28 31 31 33 38 41 49 52 53 54
56 59 63 65 68 71 72 73 75 78 78 78 8 88 91

Find the range of each of these data sets.
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Solution

For Task A, the minimum mark is 2 and the maximum mark is 94.
Range for Task A =94 — 2 =92
For Task B, the minimum mark is 11 and the maximum mark is 91.

Range for Task B=91 — 11 = 80

The range for Task A is greater than the range for Task B. Is the range a useful summary

statistic for comparing the spread of the two distributions? To help make this decision,

consider the stem-and-leaf plots of the data sets.

Task A Task B
9 &6 2| 0
2 2 1 0| 1|1 &6 9
& 6 4 > 2| 2|1 3% 8
8 8 5 4 3| 3%| 1 1 > 8
7 7 &6 2| 4|1 9
9 &6 6 2 2| 5| 2 3> 4 6 9
6| » 5 8
7211 2 » &5 8 8 8
8 | 6 8
4 1| 9 | 1

From the stem-and-leaf plots of the data it appears that the spread of marks for the two tasks

is not described well by the range. The marks for Task A are more concentrated than the marks

for Task B, except for the two unusual values for Task A. Another measure of spread is needed,

one that is not so influenced by these extreme values. For this the interquartile range is used.

Interquartile range

To find the interquartile range of a distribution:

Arrange all observations in order according to size.

Divide the observations into two equal-sized groups. If n, the number of
observations, is odd, then the median is omitted from both groups.

Locate O, the first quartile, which is the median of the lower half of the
observations, and O3, the third quartile, which is the median of the upper half

of the observations.

The interquartile range (i.e. IQR) is defined as the difference between the quartiles.
ie.

IQR = Q3 — Oy
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Definitions of the quartiles of a distribution sometimes differ slightly from the one given here.
Using different definitions may result in slight differences in the values obtained, but these will
be minimal and should not be considered a difficulty.

Find the interquartile ranges for Task A and Task B data given in Example 11.

Solution

For Task A the marks listed in order are:

2 6 9 10 11 12 13 22 23 24 26 26 27 33 34
35 38 38 39 42 46 47 47 52 52 56 56 59 91 94

The median of the lower group is the eighth observation, 22, so Q| = 22.
The median of the upper group is 47, so O3 = 47.
Thus, the interquartile range, IQR = 47 — 22
=25

Similarly, for Task B data,

the lower quartile = 31 and

the upper quartile = 73,
giving an interquartile range for this data set of 42.
Comparing the two values of interquartile range shows the spread of Task A marks to
be much smaller than the spread of Task B marks, which seems consistent with the
display.

The interquartile range is a measure of spread of a distribution that describes the range of the
middle 50% of the observations. Since the upper 25% and the lower 25% of the observations
are discarded, the interquartile range is generally not affected by the presence of outliers in the
data set, which makes it a reliable measure of spread.

The median and quartiles of a distribution may also be determined from a cumulative
relative frequency polygon. Since the median is the observation that divides the data set in
half, this is the data value that corresponds to a cumulative relative frequency of 0.5 or 50%.
Similarly, the first quartile corresponds to a cumulative relative frequency of 0.25 or 25%, and
the third quartile corresponds to a cumulative relative frequency of 0.75 or 75%.

Use the cumulative relative frequency polygon to find the median and interquartile range for
the data shown in the graph.
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100

75

50

Percentage

25

16 18

o
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Solution

100

75

50

Percentage

25

=38

Note: The median is also referred to as O, or the 50% point because it is fwo quarters
or 50% of the way along the list of ranked data.
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Standard deviation

Another extremely useful measure of spread is the standard deviation. It is calculated using

the formula below.

If a data set consists of # observations, denoted by x;, x;, x3,...Xx,, the standard

deviationof the data set is

0u = L1 — TP+ @2 =0+ + (o — )

or, in more compact notation,

n

=2

On = %Z(xi —X)
i=1

where o, is referred to as the population standard deviation.

Although the o, is the standard deviation of the data set, it cannot be used to estimate the
standard deviation of the underlying population. An unbiased estimate of the standard
deviation of the wider population, from which the sample was taken, is given by o;,_;. Its

formula is shown below.

—\2 —\2 —\2
o1 =\ (1 =P+ 0 =D+ (1 — D)
or, in more compact notation,
1y —\2
On—1= |71 Z(Xi —X)
i=1

0, — 1 is referred to as the sample standard deviation.

Note: The population standard deviation o, is used when data of the entire population is known.
The sample standard deviation o;,_; is used when the data is a sample taken from a wider

population.

Example 14

a Calculate the standard deviation of the following data set:

13 12 14 6 15 12 7 6 7 8

b Calculate an unbiased estimate of the standard deviation of the population.
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Solution
a Xi Xi — X (.X',' — )2)2
13 3 9
12 2 4
14 4 16
6 —4 16
15 5 25
12 2 4
7 -3 9
6 —4 16
7 -3 9
8 -2 4
Tx; = 100 T — 3} =112

/1
Gy =/ —-2(x; — %)
n
1
= /— x 112
10

~ 3.347

b

1
Op—1 = \/—E(xi —x)?
n—1

=,/ ! x 112
10 -1

~ 3.528

Interpreting the standard deviation
The standard deviation can be made more meaningful by interpreting it in relation to the data
set. The interquartile range gives the spread of the middle 50% of the data. It can be shown

that, for most data sets, about 95% of the observations lie within two standard deviations of the
mean.

- [T

The cost of a lettuce at a number of different shops on a particular day is given in the table.

$3.85 $2.65 $1.90 $295 $2.40 $2.42 $2.63 $3.20 $4.20 $2.33 $0.85
$3.81 $1.69 $3.66 $2.60 $2.70 $3.10 $2.80 $1.80 $2.88 $1.40

Calculate a 95% confidence interval for the cost of lettuce on that day.
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Example 16
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Solution
From the calculator, x ~ 2.66 and o,,_; ~ 0.84.

X —20,_1 ~22.66—-2x0.84
=0.98

X+ 20,1 ~22.66+2x0.84
=4.34

It is estimated that 95% of shops were charging between $0.98 and $4.34 for a lettuce
on the given day.

Note: The sample standard deviation is being used because the interval must relate to
the general population, and so an estimate of the underlying standard deviation is
required.

The prices of 40 second-hand motorbikes listed in a newspaper are as follows:

$5442  $5439 $2523 $2358 $2363 $2244 $1963 $2142
$2220  $1356 $738 $656 §715 $1000 $1214 $1788
$3457  $4689 $8218 $11 091 $11778  $11637 $8770 $8450
$6469  §7148  $10884  §14450  §$15731 $13 153  $10067  $9878
$5294  $3847 $4219 $4786 $2280 $3019 $7645 $8079

Calculate a 95% confidence interval for the listing prices of second-hand motorbikes.

Solution

From the calculator, x ~ 5730 and o,,_; ~ 4233.

X — 20,1 ~ 5730 — 2 x 4233
= —2636 (round up to zero)
=0

X + 20,1 ~ 5730 4+ 2 x 4233
= 14196

It is estimated that 95% of motorbikes were listed below $14 196 on that day.

Note: The lower limit was rounded to zero because the listed price is always positive.

The exact percentage of observations that lie within two standard deviations of the mean varies
from data set to data set but, in general, it will be around 95%, particularly for symmetrical

data sets.
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It was noted earlier that even a single outlier can have a very marked effect on the value of
the mean of a data set, while leaving the median unchanged. The same is true when the effect
of an outlier on the standard deviation is considered, in comparison to the interquartile range.
The median and interquartile range are called resistant measures, whereas the mean and
standard deviation are not resistant measures. When considering a data set it is necessary to do
more than just compute the mean and standard variation. First, it is necessary to examine the
data using a histogram or stem-and-leaf plot to determine which set of summary statistics is
more suitable.

Using technology

Using the TI-Nspire: Using the ClassPad:
1 Enter into the Lists & Spreadsheet 1 Enter into the Statistics application and
application and give column A the name bike. ~ rename listl to bike.

2 Enter the given data into ‘bike’. 2 Enter the given data into ‘bike’.

RAD APPRX RECT il
~

1788.
8450.
9878,
8079. i

4l

[ a1 |

3 Highlight the column by pressing the up

arrow until the column becomes shaded.
4 For a list of summary statistics, press
and navigate to Statistics —> Stat

Deg Auto Decimal [om]

3 For a list of summary statistics, select
One-Variable from the Calc menu.
~ Edit [MIE SetGraph i

o | wo—EarlaE}e

Calculations —> One-Variable Statistics.

I & 'l,r'—\n "il

:
gg
B [=)]

2: Two-Variable Statlstlcs ke Linear Reg
3t Linear Regression (mx+h) fions... N 26| 24 MedMed Line
4: Linear Regression (a+bx) ) 27 1) Fuadratlc Res

5: Median-Median Line ntervals... 25| 13 duartic Reg
6: Quadratic Regression » g? ? Iécsgaritl--l'r,-ic1 !;eg

5 : ; xponential Reg
7: Cubic Regression 32| 1 abExponential Reg
8: Quartic Regression 33| & Power Reg
9: Power Regression 24 l% Sinusoidal Reg
A:Exponential Regression 32 Lotk )
B:Logarithrnic Regression 7 T el
C:Sinusoldal Regression 38 8 Distributi

A5G gre: - 29 Distribution
D:Logistic Regression (d=0) = j_DispStat
v
5 When prompted with ‘Num of Lists:’

type 1, then press on OK. Deg Auto Decimal ]
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6 Enter the information below then 4 Change XList to main\bike then tap OK.

press on OK.

e R FU— i

Frequency List: | 1

Category List; | <||

Include Categories: | -/

15t Resutt Cotumn: [ 5[] I

[

RAD APPRX RECT

Stat Calculation

E One-Yariable
H |z =5730
Tx =229268
TxP =2. 01226+
xdn =4179. 9644
- xdn-1  =4233.2145
- n. =4@
&1 I="One—\/'ariable Statistics" min¥ =656
Gy =2232
7 Resize the width of column C to view

the entire numbers.

RAD APPRX RECT

|

|=Onevar(a[],1)
5442 |Title..|One—\ariable St...
2220.% 5730, Deg Auto Decimal oun]
3457.|12x 229200.
sa6olst | 2012200118 Use the scroll bar on the right-hand side
5294.lsx =] 4233.2145693 L to view further summary statistics.

cl I="One—\/'ariable Statistics"! Stat Calculation
E One-\ariable

Use the down arrow key to view further s

EAL

summary statistics.

Deg HAuto Decimal ]
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Either graphics calculator can be used to determine the summary statistics when the data are
given in a frequency table, such as:

X 1 2 3 4
Frequency 5 8 7 2
Using the TI-Nspire: Using the ClassPad:
1 Enter the x values into column A and the 1 Enter the x values into list] and the
frequencies into column B. frequencies into list2.
2 Highlight both columns then navigate to 2 Select One-Variable from the Calc
One-Variable Statistics and press . menu and enter the following:
3  When prompted with ‘Num of Lists:’ XList: listl
type 1 and press on OK. Freq: list2
4 Enter the information below then Tap OK to view the summary
press on OK for a list of summary statistics.
statistics. | Set Calculation
= e T—— | [ oreTverane
Dne=yarisbigisanstics — n AList:
Frequency List: | b[) i i Frea:
Category List; | </
Include Categories: | <]

1st Result Calumn; [ c[) | :

E
=
I
€
=
[x]
o
Eq

Deg Auta Decimal 5]

Exercise [&1€

1 Find the mean and the median of the following data sets:
a 29 14 11 24 14 14 28 14 18 22 14

b5 9 11 3 12 13 12 6 13 7 3 15 12 15 5 6
¢ 83 56 82 65 82 70 79 7.1 7.8 7.5

d 15 02 07 07 02 02 01 1.7 05 12 20 1.7
1.0 34 13 09 1.1 58 27 32 06 46 05 3.1



238 Queensland Mathematics B Year 11

2 Find the mean and the median of the following data sets:
a X 1 2 3 4 5
Frequency 6 3 10 7 8

b X -2 —1 0 1 2
Frequency 5 8 11 3 2

3 The price, in dollars, of houses sold in a particular suburb during a one-week period are
given in the following list:

$187 500  $129 500 $93400 $400000 $118000 $168 000  $550 000
$133500 $135500 $140000 $186 000 $140 000 $204 000  $122 000

Find the mean and the median of the prices. Which do you think is a better measure of
centre of the data set? Explain your answer.

4 Concerned with the level of absence from his classes, a teacher decided to investigate the
number of days each student had been absent from the classes for the year to date. These
are the results.

No. of days missed 01 2 3 4 5 6 9 21
No. of students 4 2 14 10 16 18 10 2 1

Find the mean and the median number of days each student had been absent so far that
year. Which is the better measure of centre in this case?

5 Find the range and the interquartile range for each of the following data sets:
a 718 630 1002 560 715 1085 750 510 1112 1093

b 0.7 —1.6 0.2 —1.2 —-1.0 34 3.7 0.8
¢ 856 851 89% 839 8.62 851 858 882 854

d 20 19 18 16 16 18 21 20 17 15 22 19

6 The serum cholesterol levels for a sample of 20 people are:

231 159 203 304 248 238 209 193 225 244
190 192 209 161 206 224 276 196 189 199

a Find the range of the serum cholesterol levels.
b Find the interquartile range of the serum cholesterol levels.
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Twenty babies were born at a local hospital on one weekend. Their birth weights, in kg,
are given in the stem-and-leaf plot below.

2 1

2 5] 7 9 9

) 1 > > 4 4

2 5 6 7 7 9

4 1 2 2 3

4 5 2|6 represent 2.6 kg

a Find the range of the birth weights.
b Find the interquartile range of the birth weights.

A randomly chosen group of university students was asked to write down their ages,
giving the following results:

18 18 18
24 25 31

18
41

18 18
44 45

17
19

17
19

18 18 18 18 18
19 20 20 20 21

17
18

17
18

17
18

17
18

17
18

a Construct a cumulative relative frequency polygon and use it to find the median and
the interquartile range of this data set.

b Estimate the mean and standard deviation of the ages of students at the university.
Find the percentage of students whose ages fall within two standard deviations of the

mean.

Find the standard deviation for the following data sets:

a 30 16 22 23 18 18 14 5 13 26 9 31

b $2.52  $438 $3.60 $230 $3.45 $540 $4.43  $227 $4.50
$4.32  $5.65 $6.89 §1.98 $4.60 $5.12 $3.79 $4.99 $3.02

¢ 200 300 950 200 200 300 840 350 200 200

d 8 74 75 77 79 82 81 75 78 79 80 75 78 78 81 80 76 77 82

For each of the following data sets:

a Estimate the mean and the standard deviation of the underlying population.
b Determine the percentage of observations falling within two standard deviations of the
mean for the underlying population.
i 41 16 6 21 1 21 5 31 20 27 17 10 3 32 2 48 8 12
21 44 1 56 5 12 3 1 13 11 15 14 10 12 18 64 3 10

ii 141 260 164 235 167 266 150 255 168 245 258 239
152 141 239 145 134 150 237 254 150 265 140 132
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11 The results of a student’s chemistry experiment are as follows:

7.3 8.3 59 7.4 6.2 7.4 5.8 6.0

a i Find the mean and the median of the results.
ii Find the interquartile range and the standard deviation of the results.

b Unfortunately, when the student was transcribing his results into his chemistry book
he made a small error, and wrote:

7.3 8.3 59 7.4 6.2 7.4 5.8 60

i Find the mean and the median of these results.
ii Find the interquartile range and the standard deviation of these results.

¢ Describe the effect the error had on the summary statistics calculated in parts a
and b.

12 A selection of shares traded on the stock exchange had a mean price of $50 with a
standard deviation of $3. Determine an interval that would include approximately 95% of
share prices.

13 A store manager determined the store’s mean daily receipts as $550, with a standard
deviation of $200. On what proportion of days were the daily receipts between $150 and
$950?

Using Excel to calculate statistics
exces The students at a Brisbane secondary school were asked to estimate the ages of the teaching
\g/ staff at the school and to use Excel to calculate the same statistics as appeared on their
graphics calculator.

The formulae to be entered in cells D23:D33 are:

=AVERAGE(A1:J21)
=SUM(A1:J21)
=SUMSQ(A1:J21)
=STDEV(A1:J21)
=STDEVP(A1:J21)
=COUNT(A1:J21)
=MIN(A1:J21)
=QUARTILE(A1:J21,1)
=MEDIAN(A1:J21)
=QUARTILE(A1:J21,3)
=MAX(A1:J21)
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} Type_a qusstion for haln

A B e | 0 | F |OEEms 6 | H | i:
1 ] 26 &0 44 42 X 3 48 33 k]
2| ¥ 7 ) 44 55 3 43 a8 48 35
3 &5 28 42 add B0 B &l 48 35 37
4 0 a0 3k 44 » | 3-8 46 49 5 3
5 48 30 E 45 43 r 48 =0 55 3
B 48 a0 65 45 41 » 48 20 45 £}
7 64 o 16 45 a0 x ] 50 42 47
8 48 30 B0 45 a5 40 43 &0 0 48
9 £ Ell 35 45 32 40 47 0 42 48
10 E 1] 32 a3 45 B0 | 40 50 53 45 48
] 55 2 45 45 33 | 40 40 =] &3 43
12 & 33 44 45 35 41 58 Ed 42 45
13 3 34 47 45 a5 Ll Bl ES 54 43
14 55 35 43 45 44 a2 4B 55 44 43
15 43 35 37 4B 45 42 44 E5 45 43 :
1B k] a5 35 46 a0 43 40 55 35 43
17 X% 35 38 46 35 42 3 55 40 a4
1| 4 35 42 46 E8 42 44 E5 45 44
19 46 35 40 47 4 | 42 55 E5 54 B4
20| 45 3 35 47 !’ | 3 a0 8 2 E5
4] 45 B0 | 49 &0 8 | &0 2 ED iy Es
22
23 mean= 438331
24 Tolal=| S206
25 | Sum of Squarez = 419270
26| Sample Standard Deviation = 865619
27 Popn Standard Deviation = 8645532 | :1
2 | n= 210 |
28 mink= 2%
30 Q= 3|
3 median= 44
£l 03= 48
33 maxs= 63
22 | s s : ! ! ! ! o
M 4+ ]\ Sheet1 /Sheet? [ Sheeta / I i . ¥
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58 The boxplot

Knowing the median and quartiles of a distribution means that quite a lot is known about the
central region of the data set. If something is known about the tails of the distribution then a
good picture of the whole data set can be obtained. This can be achieved by knowing the
maximum and minimum values of the data. These five important statistics can be derived from
a data set: the median, the two quartiles and the two extremes.

These values are called the five-figure summary and can be used to provide a succinct
pictorial representation of a data set called the box and whisker plot or boxplot.

For this visual display, a box is drawn with the ends at the first and third quartiles. Lines are
drawn that join the ends of the box to the minimum and maximum observations. The median is
indicated by a vertical line in the box.

[

Draw a boxplot to show the number of hours spent on a project by individual students in a

particular school.

24 4 166 147 97 90 36 92 226 37 111

59 102 13 108 2 71 102 147 56 181 35

9 3 48 27 264 86 9 40 146 19 76
Solution

37 40 48 56 59 71 76 86 90 92 97
102 102 108 111 146 147 147 166 181 226 264

Median, m = 71
24 + 27
First quartile, Q; = ; =255
108 + 111
Third quartile, O3 = el =109.5

2
Minimum = 2

Maximum = 264
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In general, to draw a boxplot:

B Arrange all the observations in order, according to size.

B Determine the minimum value, the first quartile, the median, the third quartile, and
the maximum value for the data set.

B Draw a horizontal box with the ends at the first and third quartiles. The height of the
box is not important.

B Join the minimum value to the lower end of the box with a horizontal line.

Join the maximum value to the upper end of the box with a horizontal line.
B Indicate the location of the median with a vertical line.

Using technology

Using the TI-Nspire: Using the ClassPad:

1 Enter the data from Example 17 1 Enter the data from Example 17 into a
into a list named hours. list named hours.

2 Highlight the column, press @en), 2 To ensure a boxplot is drawn for ‘hours’,
then select Quick Graph from the tap SetGraph then tap on Setting. . .
Data submenu. Change Type to MedBox and change the

e 2 RAD APPRX RECT a XList to main\hours. Tap to save
ours m the changes.
h N he ch
I 24,
I 59, f|oraw:  ®0n OOFF
Type: [HMedBox  [=]ff
9v !
= 7 2 %q ¥List: :
= %%oc%% 8 Freq:
I 102, Sl SH w6 OShow Qutliers
0 80 160 240
ra | hours hours

3 To draw a boxplot for the data,

press and select Box Plot from the Plot

Type submenu.

=51; Plot Type]
& 2: Plot Propi+ Plot

k 3: Actions |l 2: Histogram
L 4: Windows@ L 4: Normal Probability Plot Dea Auto Decimal Tan]
| 5: Scatter Plot
[&¥6: XY Line Plot

3 To see the boxplot, tap [LL]-

2 59,
I 9 jo o) (o]
I 4 e o
e &
I 102, | gve & oo

T
0 80 180 240
Fqlhours hours




244 Queensland Mathematics B Year 11

i 2| RAD APPRX RECT i 4 Tap i' for a full-screen view of
I.hours ._IEI‘] the boxplot.
[ W Zoom Analysis Calc + IEII
I 24,
I 59. | 1) 27
g S, \
R 4.
B 102, F) 'S EE— T
’I:;lhours ¢ 8?1031550 G ok &%

4 To view a boxplot with no outliers,
press and select Extended Box Plot
Whiskers from the Plot Properties submenu.

5 For a full-screen view of the boxplot, =is

| |
press: @, (), @, ©, @, (&) —
(), (). Scroll to Page Layout —> Select
Layout — 1: Layout 1.

Select Trace from the Analysis

menu to move through the summary
1.2 RAD APPRX RECT ]

statistics on the boxplot.

Median: 71.0 [ W Zoom Analysis Calc 4 IZII
(G86] S o R vl (B M
27

X
- —_— 29p
0 40 80 120 160 200 240 28( —oh
ours
Med=71 -14
[GtatGraphl Iﬁ
@l——d

Symmetry of a data set

The symmetry of a data set can be determined from a boxplot. If a data set is symmetrical,
then the median will be located approximately in the centre of the box, and the tails will be of
similar length. This is illustrated in the following diagram, which shows the same data set
displayed as a histogram and a boxplot.
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A median placed towards the left of the box, and/or a long tail to the right indicates a
positively skewed distribution, as shown in this plot.

A median placed towards the right of the box, and/or a long tail to the left indicates a
negatively skewed distribution, as illustrated here.

I

A more sophisticated version of a boxplot can be drawn with the outliers in the data set
identified. This is very informative, as one cannot tell from the previous boxplot if an
extremely long tail is caused by many observations in that region or just one.

Before drawing this boxplot the outliers in the data set must be identified. The term outlier
is used to indicate an observation that is rather different from other observations. Sometimes it
is difficult to decide whether or not an observation should be designated as an outlier. The
interquartile range can be used to give a very useful definition of an outlier.

An outlier is any number that is more than 1.5 interquartile ranges above the
upper quartile, or more than 1.5 interquartile ranges below the lower quartile.

When drawing a boxplot, any observation identified as an outlier is indicated by an asterisk,
and the whiskers are joined to the smallest and largest values that are not outliers.
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Example 18

Use the data from Example 17 to draw a boxplot with outliers.

Solution
Median = 71

Interquartile range = Q3 — 0,
=109.5-25.5

= 84

Lower limit = O — 1.5 x IQR
=255—-15x84

= —100.5

Upper limit = Q3 4+ 1.5 x IQR

=109.5+ 1.5 x 84
=235.5

264 > upper limit (235.5) and is therefore an outlier.

Minimum = 2

Maximum = 226 (ignoring the outlier)

— | |

T T T T T T T T T T [ T T T T T T T T T [ T T T T T T T T T 7]

0 100

200 300

Note: The outlier is still plotted, it is just not included in the calculation of the

maximum or minimum value.

Using technology

Either graphics calculator can also construct a boxplot with outliers. Consider the data from

Example 17.

Using the TI-Nspire:

1 Highlight the data and select Quick
Graph from the Data submenu.

2 Change the Plot Type to Box Plot.

3 Press and select Show Box Plot
Outliers from the Plot Properties
submenu.

) RAD APPRX RECT "]

264.0

X

0 40 80 120 160 200 240 28(
hours

Using the ClassPad:

1 With the data in a list called hours, tap
SetGraph then tap on Setting. . .
Change Type to MedBox and change the
XList to main\ hours. Place a tick in the box
next to Show Outliers by tapping it with
the stylus. Tap to save the changes.

I N Zoom Analysis Calc 4 IZI]
(25| S e o] [ I e T

237
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Exercise [Slm

1 The heights (in centimetres) of a class of girls are:

160 165 123 143 154 180 133 123 157 157 135 140 140 150
154 159 149 167 176 163 154 167 168 132 145 143 157 156

a Determine the five-figure summary for this data set.
b Draw a boxplot of the data.
¢ Describe the pattern of heights in the class in terms of shape, centre and spread.

2 A researcher is interested in the number of books people borrow from a library. She
decides to select a sample of 38 cards and record the number of books each person has
borrowed in the previous year. Here are her results.

7 28 0 2 38 18 0 0 4 0 0 2 13
1 1 14 1 8 27 0 52 4 0 12 28 15
10 1 0 2 0 1 11 5 11 0 13 0
a Determine the five-figure summary for this data set.
b Determine if there are any outliers.
¢ Draw a boxplot of the data, showing any outliers.
d Describe the number of books borrowed in terms of shape, centre and spread.

3 The winnings of the top 25 male tennis players in 2008 are given in the table below.

Player Winnings Player Winnings
Roger Federer $39012 348 David Ferrer $4 894 568
Lleyton Hewitt $17368 039 Guillermo Canas $4 726 635
Rafael Nadal $14 327494 Mikhail Youzhny $4 516 698
Andy Roddick $13337041 Juan Ignacio Chela $4 341261
Carlos Moya $12913 650 Tomas Berdych $3533072
Juan Carlos Ferrero $11 620750 Richard Gasquet $3 149224
David Nalbandian $8446 124 Paul-Henri Mathieu $2 584 896
Nikolay Davydenko $7390873 Marcos Baghdatis $2450 046
Ivan Ljubicic $6 739032 Ivo Karlovic $2 084 169
Fernando Gonzalez $6 225685 Andy Murray $1983077
Novak Djokovic $6039631 Juan Monaco $1548419
Tommy Robredo $5948991 Jo-Wilfried Tsonga $1102944
James Blake $5340285

a Draw a boxplot of the data, indicating any outliers.
b Describe the data in terms of shape, centre, spread and outliers.



248 Queensland Mathematics B Year 11

4 The hourly rate of pay for a group of students engaged in part-time work was found to be:
$4.75 $8.50 $17.23 $9.00 $12.00 $11.69 $6.25
§7.50 $8.89 $6.75 $7.90 $12.46 $10.80 $8.40
$12.34 $10.90 $11.65 $10.00 $10.00 $13.00

a Draw a boxplot of the data, indicating any outliers.
b Describe the hourly pay rate for the students in terms of shape, centre, spread and
outliers.

5 The daily circulation of several newspapers in Australia is:

570 000 327 654 299 797 273 248 258 700 230 487
217 284 214 000 212770 171 568 170 000 125778
98 158 77 500 56 000 43330 17398

a Draw a boxplot of the data, indicating any outliers.

b Describe the daily newspaper circulation in terms of shape, centre, spread and outliers.

59 Using boxplots to compare distributions
Boxplots are extremely useful for comparing two or more sets of data collected on the same
variable, such as marks on the same assignment for two different groups of students. By
drawing boxplots on the same axis, both the centre and spread for the distributions are readily
identified and can be compared visually.

Example 19

The number of hours spent by individual students on the project referred to in Example 17 at
another school were:

53 152 82 30 16 136 21 11 1 55 128
57 106 14 18 173 102 86 227 48 12 45
136 226 17 9 156 19 107 24 42 21 176

24 80 54 16 106 6 38 3
Use boxplots to compare the time spent on the project by students at this school with those in
Example 17.
Solution

The five-figure summary for this data set is:

Median, m = 48; first quartile, Q; = 17.5; third quartile, O3 = 106.5;
minimum = 1; maximum = 227

Seheol ] | | *
School 2 | I
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From the boxplots the distributions of time for the two schools can be compared in
terms of shape, centre, spread and outliers. Clearly the two distributions for both
schools are skewed positively, indicating a larger range of values in the upper half of
the distributions. The centre for School 1 is higher than the centre for School 2

(71 hours compared to 48 hours). As can be seen by comparing the box widths,
which indicate the IQR, the spread of the data is comparable for both distributions.
There is one outlier, a student who attended School 1 and spent 264 hours on the
project!

Note: The boxplot is useful for summarising large data sets and for comparing several sets of
data. It focuses attention on important features of the data and gives a picture of the data that is
easy to interpret. When a single data set is being investigated a stem-and-leaf plot is
sometimes better, as a boxplot may hide the local detail of the data set.

Exercise gl

1 To test the effect of a physical fitness course, the number of sit-ups that a person could do
in 1 minute, both before and after the course, were recorded. Twenty randomly selected
participants scored as follows:

Before 29 22 25 29 26 24 31 46 34 28
23 22 26 26 30 12 17 21 20 30

After 28 26 25 35 33 36 32 54 50 43
25 24 30 34 30 15 29 21 19 34

a Construct boxplots of these two sets of data on the same axis.
b Describe the effect of the physical fitness course on the number of sit-ups achieved in
terms of shape, centre, spread and outliers.

2 The number of hours spent on homework per week by a group of students in Year 8 and a
group of students in Year 12 are shown in the tables.

Year 8§ 1 2 4 2 4 4 5 3 7 7 2 4 3 3
1 3 4 3 3 1 7 2 1 3 1 4 0
Year 12 1 2 3 5 6 7 7 6 7 8 7 5 4 1
2 3 1 1 4 7 8 9 6 8 7 2 3

Draw boxplots of these two sets of data on the same axis and use them to answer the
following questions:

a  Which group does the most homework?
b Which group varies more in the number of hours of homework they do?
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3 The ages of mothers at the birth of their first child were noted, for the first forty such births,
at a particular hospital in 1970 and again in 1990.

1970 21 29 25 32 37 30 24 36 23 19
37 22 26 31 26 27 19 21 33 17
24 21 22 36 22 25 31 20 18 20
16 21 25 26 34 27 18 39 24 21

1990 24 22 35 32 17 28 38 20 30 39
19 33 44 24 18 27 24 33 29 23
26 18 28 32 43 28 26 28 41 28
25 35 31 23 19 46 29 23 34 29

a Construct boxplots of these two sets of data on the same axis.
b Compare the ages of the mothers in 1970 and 1990 in terms of shape, centre, spread and

outliers.

Using technology

How to construct a histogram

Using the TI-Nspire: Using the ClassPad:
1 Enter the data into a column called x. 1 Enter the data into list1.

FEd ~ Edit Calc SetGraph 3

[P o el AT ] B 3

listl listz |list3

[azs |

2 Highlight the column by moving the

cursor to the extreme top of the column.

RAD EXACT RECT

Deg HAuto Decimal ]

2 To ensure a histogram is drawn for

list1, tap SetGraph then tap on

Setting. . . Change Type to

Histogram and change the XList to

listl. Tap to save the changes.
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3 Press and select Quick Graph from the
Data submenu.

e 2 RAD EXACT RECT |
I
I 16
R o
o

| 2o
4 28
B | oo cod0 @e

& 2765101418 22 26
[a]x :

4 Press and select Histogram from the
Plot Type submenu.

e 2 RAD EXACT RECT |
]
I 16 Ea__
-
= 4 2

25 i
B U o.ﬂﬂ

TIT T[T T[T TT

2 4 10 16 22 24
Alx X

5 Press and enter into the Plot Properties
menu. Select Bin Settings from the

Histogram Properties submenu.
6 Enter the information below.

e 2 RAD EXACT RECT |
E
X

Alignment | 4 |

15| | U ol RS

[ |
.
= 4 10 16 22 2¢
Alx X

|

Deg Auto Decimal cnj

To see the histogram, tap [L-
Enter the following:

HStart: 4 and HStep: 4 and tap OK.
|\V Zoom Analysis Calc 4 E“

EEE]

listl list2  [list3

131=|16

14

24

Deg Auto qan]

Tap f.' for a full-screen view of the
histogram.

W Zoom Analysis Calc 4 EI
] [ ol o] R I P

25

24

-13

| I -

Deg  Auto [am]

251
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7 Press @em), enter into Window Settings then 5 Select Trace from the Analysis
type the information below. menu to determine the frequencies
oz RAD EXACT RECT 7] for each class.
I.f( ﬁ |‘l¢lr Zoom Analysis Calc 4 E“

XMin: | 4

I _ R 3 2 [ER e[|
_ Ofxmaxifo | ' 25
B v i

g

4

8

0 E—
ﬁ | Cancel )
I-I— = 21016 22 2 24
Alx I X 1
8 Press on OK. [+
2] RAD EXACT RECT ]

] o |
I 9] xc=4 -13 Fe=2

i E ] [EtatGraphi ]

=] 4

= il [3 6+ Deg HAuto ]

4 ] N
g 3'._}_‘ Thus, the count is 2 for the first
|! = o o Rt interval.
A IX X

9 For a full-screen view of the graph, press:
G, (@), @, ), (@), (&), @,
(). Scroll to Page Layout —> Select
Layout — 1: Layout 1.

2] RAD EXACT RECT ]

124

Count
@
1

ozj—. ==

4 g 12 16 20 24 28
*

10 To view the frequency of the first class
interval, move the cursor to the first bar
then hold down the (%) key.

2] RAD EXACT RECT ]

12
9
&
3 6
e
.| [400.8.00)2 points
0 T T L
4 8 12 16 20 24 28
b 4

Thus, the count is 2 for the first interval.
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How to construct a boxplot with outliers

Using the TI-Nspire:

1 Enter the data into a column called x.

12

<L

2 Highlight the column then press (em).
3 Select Quick Graph from the Data submenu.

4 To change the dot plot to a boxplot with

outliers, press and select Box Plot from

the Plot Type submenu.

E5 11 Plot Typel.i: 1: Dot Plot
Pl
I‘Il

3: Histogram

[ 5: Scatter Plot
58 ¥ 6: XY Line Plot

4: Window/@ | 4: Normal Probability Plot

B =
I = O Q)

3
:
i 2 U le ::i( ©0
F‘ilx 4 0 10 20X30 40 5(
=2 RAD EXACT RECT |
I-E B
I 28
B = ©
B
B -
E =» I e
B X 0 10 20 30 40 5(
AIX 3

Using the ClassPad:
1 Enter the data into list]1.

Illst 1 lls t2 lis 1:3
S

Dea Auto Decimal [}

2 To ensure a boxplot is drawn for
list1, tap SetGraph then tap on
Setting. . . Change Type to MedBox
and change the XList to list1.
Ensure the box next to Show
Outliers has a tick in it. Tap to
save the changes.

Wlist: [listl  [v]

N S—
EShow Outliers

|
L 28l=
Dea Auto Decimal i)

3 To see the boxplot, tap [LLi]-
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5 For a full-screen view of the boxplot, 4 Tap j‘ for a full-screen view of
press: (), ’ G, ®> G, (), the boxplot.
@’ ' [ W Zoom Analysis Calc 4 !ZII
Scroll to Page Layout —> Select (28] ] o T MR P
Layout —> 1: Layout 1. 25
2] RAD EXACT RECT |
Median: 30.0 o I —
52
° i 1
T
T T T T T T T T T T
0 5 10 15 20 25 30 35 40 45 50 -13
X I E
6 Move the cursor left and right to view the Deg FAuto L0
statistics. 5 Select Trace from the Analysis

menu to determine the statistics.

How to calculate the mean and standard deviation

Using the TI-Nspire: Using the ClassPad:
1 Enter the data into a column called x. 1 Enter the data into listl.
12 RAD EXACT RECT @
e ~
listl l|st2 1151:3 I_A
1
otesl | | | | | 3
172 2
73] I 7
169 g
10
= 11
| = +
A9 | 13
14
2 Highlight the column and press (en). 13
3 Navigate as follows:
Statistics —> Stat Calculations —>
One-Variable Statistics. Deg futo Decimal L]
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i 2 In the Calc menu, select
One-Variable.

2: Two-Variable Statistics
3: Linear Regression (mx+b)

L
4: Linear Regression (a+bx) 7 Edit
5: Median-Median Line ntervals... : | I
6: Quadratic Regression y Wwo_ Sriable
7: Cubic Regression list] Linear Rea
8: Quartic Regression ] 1 MedMed Line
9: Power Regression % guggr%tic Reg
A:Exponential Regression ubic Reg
e " 4 Quartic R
B: Logarithmic Regression 5 L;‘g;’,:%hmﬁ_.? Reg
C:Sinusocidal Regression 6 Exponential Reg
D:Logistic Regression (d=0) Al 7 abExponential Reg
- 8 Power Reg
13_ Einqsgidaé Rea
og9IStic Reg
4 Press G, 11 Test
cq e . s 12 Interval
5 When prompted with ‘Num of Lists: 33 Distribution
DispStat
type 1 then press OK. =
6 Set the following and then press OK. Cal)
=~ Deg Auto Decimal i
3 Set XList: list] and Freq: 1 and then
Freguency List: | 1 ] tap OK
Category List: | <||
S i il = I Stat Calculation
Include Categories: | | | one-variable
1t Resutt Column: | b[] | i
— B 3%
i ] x =
ok || cancel ||-# Ix? =224G92
%6 =6.2399919
x6n-1  =6.670832
ppieR fE1t'57
RAD APPRX RECT "] Qe Z1ai.s

167.25
1338.

; 224092.
SX := snax  [6.670832032...

C5 I =6.6708320320632

_ 5
=0neVar(a[],1]
Title One-Variabl...

Dea Auto Decimal [}

Thus, the mean is 167.25 and the standard deviation is 6.67.
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Queensland Mathematics B Year 11

Extension: Bivariate data

When two variables are observed for each subject, bivariate data are obtained. For example, it
might be interesting to record the number of hours spent studying for an exam by each student
in a class and the mark they achieved in the exam. If each of these variables were considered
separately the methods discussed earlier would be used. It may be of more interest to

examine the relationship between the two variables, in which case new bivariate techniques are
required. When exploring bivariate data, questions arise such as: ‘Is there a relationship
between two variables?” or ‘Does knowing the value of one of the variables tell us anything
about the value of the other variable?’

Consider the relationship between the number of cigarettes smoked per day and blood
pressure. Since one opinion might be that varying the number of cigarettes smoked may affect
blood pressure, it is necessary to distinguish between blood pressure, which is called the
dependent or response variable, and the number of cigarettes, which is called the
independent or explanatory variable.

Displaying bivariate data

As with data concerning one variable, the most important first step in analysing bivariate data
is the construction of a visual display. When both of the variables of interest are numerical then
a scatterplot (or bivariate plot) may be constructed. This is the single most important tool in
the analysis of such bivariate data, and should always be examined before further analysis is
undertaken. The pairs of data points are plotted on the Cartesian plane, with each pair
contributing one point to the plot. Using the normal convention, the variable plotted
horizontally is denoted as x, and the variable plotted vertically as y. The next example
examines the features of the scatterplot in more detail.

The number of hours spent studying for an examination by each member of a class, and the

marks they were awarded, are given in the table.

Student 1 2 3 4 5 6 7 8 9 10
Hours 4 36 23 28 25 11 18 13 4 8
Mark 27 &7 67 84 66 52 61 43 38 52

Student 11 12 13 14 15 16 17 18 19 20
Hours 4 19 6 19 1 29 33 36 28 15
Mark 41 54 57 62 23 65 75 83 65 55

Construct a scatterplot of these data.
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Solution |-|-|
Mark y ,>_<|.
801 — )
o . . : o oo a
401 ¢ : S
201 D)
0 10 20 30 40

Hours x

Note: ‘Hours’ is treated as the independent variable and ‘Marks’ as the dependent
variable because it is assumed that the mark achieved will depend on the number of

hours worked.

From this scatterplot, a general trend can be seen of increasing marks with increasing hours of
study. There is said to be a positive association between the variables.

Two variables are positively associated when larger values of y are associated with larger
values of x, as shown in the previous scatterplot.

Examples of variables that exhibit positive association are height and weight, foot size and
hand size, and number of people in the family and household expenditure on food.

[

The age, in years, of several cars and their advertised price in a newspaper are given in the

following table:

Age (years) 4 6 5 7 4 2 3 3
Price ($) 13000 | 9800 | 11000 | 8300 | 10500 | 15800 | 14300 | 13 800

Age (years) 7 6 4 6 4 8 6
Price ($) 9700 | 9500 | 13200 | 10000 | 11800 | 8000 | 12200

Construct a scatterplot to display these data.
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Solution
Price ($) y

16000 !
14000
12000
10000 .

8000 t .

Age (years) x

Note: In this case, the independent variable is the age of the car. The dependent
variable, price, is plotted on the vertical axis.

From the scatterplot a general trend of decreasing price with increasing age of car can be seen.
There is said to be a negative association between the variables.

Two variables are negatively associated when larger values of y are associated with smaller
values of x, as shown in the previous scatterplot.

Examples of other variables that exhibit negative association are weight and number of
weeks spent on a healthy eating program, hearing ability and age, and number of cold rainy
days per week and sales of ice-creams.

The third alternative is that a scatterplot shows no particular pattern, indicating no
association between the variables.

y

There is no association between two variables when the values of y are not related to the
values of x, as shown in the preceding scatterplot.
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Examples of variables that show no association are height and IQ for adults, car price and
fuel consumption, and size of family and number of pets.

When one point, or a few points, do not seem to fit with the rest of the data they are called
outliers. Sometimes a point is an outlier, not because its x value or its y value is in itself
unusual, but rather because this particular combination of values is atypical. Consequently such
an outlier cannot always be detected from single variable displays, such as stem-and-leaf plots.

For example, consider this scatterplot. Although the
variable plotted on the horizontal axis takes values g ! I
from 1 to 8 and the variable plotted on the vertical i o |,
axis takes values from 1 to 8, the combination (2, 8) 4 bole |° .
is clearly an outlier. ° e
2 1 S—e
O T T T T T T T T
1 2 3 45 6 7 8 «x

Using technology
Using the TI-Nspire: Using the ClassPad:

1 Enter the age data into a column called age. 1 Enter the age data into listl.

2 Enter the price data into a column called price. 2 Enter the price data into list2.

12 RAD APPRX RECT "
age price o
llstl. list2 l|st3 |_4
64 10000, | | |

4. 11800. I

8.  8000.

6. 12200.

816 |

3 Highlight both columns, press and select
Quick Graph from the Data submenu.

RAD APPRX RECT "

I . N Dea Auto Decimal i)
age rice ©
= PB 150004
()
-
I 4. 1304l o 1@
] 9 1 <
I 6. 98([I5 12000 ® @
- ol @
3 5| 1100 | ® g
4 7 83 9000+
B o i
5 4| 1054
I' K 3.0 5.5 8.
Alage age

1XJ

0
)
2
O
5
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C 4 Change to a full-screen view. 3 To ensure a scatterplot is drawn, tap
O .im S ——— i SetGraph then tap on Setting. . .

. — e Change Type to Scatter and change
7)) 15000+ the XList to list]l and YList to list2.
C 5 o 0 Tap to save the changes.

2 12000 ® o)
q) G | ° Set StatGraphs Edf
© |1121314]51617]s]9]
I ’ 1 (]
9000 e ]| Draw: OOff
>< ® e Type:
e : — :

LLl 1.5 2.5 3.5 4.5 5565 7.5 8, Wlist:  listl 8

age VList:

Freq: [I__________T-If
Mark:

square  T~]if

|

16
Calr
4 i
C 16]=| |

Dea Auto Decimal [}

4 To see the scatterplot, tap [Li.
5 Tap i' for a full-screen view of
the scatterplot.

|"V Zoom Analysis Calc 4 EI—]
-E@@-@E@

2e+4

ocoo
m O
a

Fe
4
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Exercise m

Note: Save your data for questions 1—4 in named lists as they will be needed for later exercises.

1XJ

1 The amount of a particular pain relief drug given to each patient and the time taken for the
patient to experience pain relief are shown.

Patient 1 2 3 4 5 6 7 8 9 10
Drug dose (mg) 05 12 40 53 26 37 51 17 03 4.0
Response time (min) 65 35 15 10 22 16 10 18 70 20

0
)
2
O
5

a Plot the response time against drug dose.
b From the scatterplot, describe any association between the two variables.
¢ Identify outliers, if any, and interpret.

2 The proprietor of a hairdressing salon recorded the amount spent advertising in the local
paper and the business income for each month of a year, with the following results:

Month | Advertising ($) | Business ($) Month | Advertising ($) | Business ($)
1 350 9450 7 350 8060
2 450 10070 8 300 7030
3 400 9380 9 550 11500
4 500 9110 10 600 12870
5 250 5220 11 550 10560
6 150 3100 12 450 9850

a Plot the business income against the advertising expenditure.
b From the scatterplot, describe any association between the two variables.
Identify outliers, if any, and interpret.

3 The number of passenger seats on the most commonly used commercial aircraft, and the
airspeeds of these aircraft, in km/h, are shown in the following table:

Number of seats 405 296 288 258 240 230 193 188
Airspeed (km/h) 830 797 774 736 757 765 760 718

Number of seats 148 142 131 122 115 112 103 102
Airspeed (km/h) 683 666 661 378 605 620 576 603

a Plot the airspeed against the number of seats.
b From the scatterplot, describe any association between the two variables.

¢ Identify outliers, if any, and interpret.




262

-
RS
7))
-
O
-+
X
LL]

2.11

Queensland Mathematics B Year 11

4 The price and age of several second-hand caravans are listed in the table.

Age (years) | Price (%) Age (years) Price ($)
7 43800 10 8700
7 3900 9 1950
8 4275 9 3300
9 3900 11 1650
4 6900 3 9600
8 6500 4 8400
1 11400 7 6 600

a Plot the price of the caravans against their age.
b From the scatterplot, describe any association between the two variables.
¢ Identify outliers, if any, and interpret.

Extension: The g-correlation coefficient

If the plot of a bivariate data set shows a basic trend, apart from some randomness, then it is
useful to provide a numerical measure of the strength of the relationship between the two
variables. Correlation is a measure of strength of a relationship that applies only to numerical
variables. Thus it is sensible, for example, to calculate the correlation between the heights and
weights for a group of students, but not between height and gender, as gender is not a
numerical variable. There are many different numerical measures of correlation, and each has
different properties. In this section the g-correlation coefficient will be introduced.

Consider the scatterplot of the number of hours spent by each member of a class when
studying for an examination, and the mark they were awarded, from Example 20. This shows a
positive association. To calculate the g-correlation coefficient, first find the median value for
each of the variables separately. This can be done from the data, but it is usually simpler to
calculate directly from the plot. There are 20 data points, and the median values are halfway
between the 10th and 11th points, both vertically and horizontally. A vertical line is then drawn
through the median x value, and a horizontal line through the median y value. The effect of this
is to divide the plot into four regions, as shown.

Marks y
80
60 +~-———- e

404 ° :

204

i
°

Hours x
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Each of the four regions that have been created in this way is called a quadrant, and it can be
noticed immediately that most of the points in this plot are in the upper-right and lower-left

1XJ

quadrants. In fact, wherever there is a positive association between variables this will be the
case.

Consider the scatterplot of the age of cars and the advertised price from Example 21, which
shows a negative association. Again the median value for each of the variables is found
separately. There are 15 data points, giving the median values at the 8th points, both vertically

and horizontally. A vertical line is then drawn through the median x value, and a horizontal line

0
)
2
O
5

through the median y value. In this particular case, they are coordinates of the same point, but
this need not be so.

Price ($) y
16000 $ !
1
14000 S —
° ]
12000 —
____________ .____+______________.
10000 R
]
8000 - i * .
]
T T T T ! T T T
1 2 3 4 5 6 7 8
Age (years) x

It can be seen in this example that most points are in the upper-left and the lower-right
quadrants, and this is true whenever there is a negative association between variables.

These observations lead to a definition of the g-correlation coefficient.

The g-correlation coefficient can be determined from the scatterplot as follows:

B Find the median of all the ¥y
x values in the data set, and g

I

I

|

I

draw a vertical line through !
I

this value. b !
I

1

B Find the median of all the 4 i
y values in the data set, and c i D

1

draw a horizontal line through
this value.

T T T T T T T T

0 X
B The plane is now divided into four quadrants. Label the quadrants 4, B, C and D, as shown
in the diagram.
B Count the number of points in each of the quadrants 4, B, C and D. Any points that lie on
the median lines are omitted.
B Leta, b, ¢, d represent the number of points in each of the quadrants 4, B, C and D,
respectively. Then the g-correlation coefficient is given by
_(ato)—(b+d)
 a+b+tc+d
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e

Use the scatterplot from Example 20 to determine the g-correlation coefficient for the number
of hours each member of a class spent studying for an examination and the mark they were
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awarded.
Solution
@+ —(b+d)
 a+b+c+d
O+ -1+
94 149+1
18 —2
20
16
20
=0.8

- [EEE]

Use the scatterplot from Example 21 to determine the g-correlation coefficient for the age of
cars and their advertised price.

Solution
(@a+c)—(b+d)
T 4tbtctd
_(+1D)—(6+6)
1464146
2—-12
-4
—-10
~ 14
=—-0.71

From Examples 22 and 23 it can be seen that g-correlation coefficients may take both positive
and negative values. Consider the situation when all the points are in the quadrants 4 and C.

_(ato)—(b+d)

 a+b+c+d

=4 te (since b and d are both equal to zero)
a+tc

=1
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Thus the maximum value the g-correlation coefficient may take is 1, and this indicates a

measure of strong positive association.

1XJ

Suppose all the points are in the quadrants B and D.
_(at+o)—(b+4d)
a+b+c+d
—(b+4d)
T b+d
=—1

(since a and ¢ are both equal to zero)

0
)
2
O
5

Thus the minimum value the g-correlation coefficient may take is —1, and this indicates a
measure of strong negative association.
When the same number of points are in each of the quadrants 4, B, C and D then:

_(at+co)—(b+d)
 a+b4c+d
0
= Thicord (sincea =b=c=4d)

=0

This value of the g-correlation coefficient clearly indicates that no association exists.

g-correlation coefficients can be classified as follows:

-1 <g <-0.75 strong negative relationship
—0.75 < g < —0.50 moderate negative relationship
—0.50 < g <—-0.25 weak negative relationship
—0.25 <¢g <0.25 no relationship

0.25 < g < 0.50 weak positive relationship

0.50 <g <0.75 moderate positive relationship

0.75<¢g <1 strong positive relationship

Exercise Ea

1 Use the table of g-correlation coefficients to classify the following:
a qg=020 b ¢g=-0.30 c g=—-08 d ¢g=033
e ¢g=0.95 f ¢g=-0.75 g q=0.75 h ¢g=-024
i g=-1 j ¢g=025 k g=1 1 ¢ =-0.50

2 Calculate the g-correlation coefficient for each pair of variables shown in the following
scatterplots:
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3 The amount of a particular pain relief drug given to each patient and the time taken for the
patient to experience pain relief are shown.

1XJ

Patient 1 2 3 4 S5 6 7 8 9 10
Drug dose (mg) 05 12 40 53 26 37 51 1.7 03 40
Response time (min) 65 35 15 10 22 16 10 18 70 20

a Use your scatterplot from Question 1, Exercise 5J to find the g-correlation coefficient
for response time and drug dosage.

0
)
2
O
5

b Classify the strength and direction of the relationship between response time and drug
dosage according to the table given.

4 The proprietor of a hairdressing salon recorded the amount spent advertising in the local
paper and the business income for each month of a year, with the following results:

Month | Advertising ($) | Business ($) Month | Advertising ($) | Business ($)
1 350 9450 7 350 8060
2 450 10070 8 300 7030
3 400 9380 9 550 11500
4 500 9110 10 600 12 870
5 250 5220 11 550 10560
6 150 3100 12 450 9850

a Use your scatterplot from Question 2, Exercise 5J to find the g-correlation coefficient
for advertising expenditure and total business conducted.

b Classify the strength and direction of the relationship between advertising expenditure
and business income according to the table given.

5 The number of passenger seats on the most commonly used commercial aircraft, and the
airspeeds of these aircraft, in km/h, are shown in the following table:

Number of seats | 405 296 288 258 240 230 193 188
Airspeed (km/h) | 830 797 774 736 757 765 760 718

Number of seats 148 142 131 122 115 112 103 102
Airspeed (km/h) 683 666 661 378 605 620 576 603

a Use your scatterplot from Question 3, Exercise 5J to find the g-correlation coefficient
for the number of seats on an airline and the air speed.

b Classify the strength and direction of the relationship between the number of seats on
an airline and the air speed according to the table given.
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C 6 The price and age of several second-hand caravans are listed in the table.

O Age (years) Price ($) Age (years) Price ($)
o m— 7 4800 10 8700

) 7 3900 9 1950

C 8 4275 9 3300

q) 9 3900 11 1650
e 4 6900 3 9600

) 4 8 6500 4 8400
Lu 1 11400 7 6 600

a Use your scatterplot from Question 4, Exercise 5J to find the g-correlation coefficient
for price and age of second-hand caravans.

b Classify the strength and direction of the relationship between price and age of
second-hand caravans according to the table given.

512 Extension: The correlation coefficient
When a relationship is linear the most commonly used measure of strength of the relationship
is Pearson’s product-moment correlation coefficient, 7. It gives a numerical measure of the
degree to which the points in the scatterplot tend to cluster around a straight line.
Pearson’s product-moment correlation is defined to be

Degree that the variables vary together

~ Degree that the two variables vary separately

Formally, if we call the two variables x and y and we have n observations, then Pearson’s

product-moment correlation for this set of observations is

1 1 X,'—)E y,—_)_/
s () (057)

where ¥ and s, are the mean and standard deviation of the x scores, and y and s, are the mean

and standard deviation of the y scores.
There are two key assumptions made in calculating Pearson’s correlation coefficient, 7. They
are:
B the data are numerical
B the relationship being described is linear.
Pearson’s correlation coefficient, », has the following properties:

If there is no linear relationship, » = 0.

A




Chapter 5 — Applied statistical analysis 269

For a perfect positive linear relationship, For a perfect negative linear relationship,

1XJ

r =+1. r=—1.
y y
A .’ \ (D
g m)
K .. n
. . . 3
- o
0 r=+1 0 r=-1

Otherwise, —1 <r < +1.

Pearson’s correlation coefficient, », can be classified as follows:

—1 <r < —0.75 strong negative linear relationship
—0.75 <r < —0.50 moderate negative linear relationship
—0.50 <r < —0.25 weak negative linear relationship
—0.25 <r < 0.25  no linear relationship

0.25 <r < 0.50  weak positive linear relationship
0.50 <r < 0.75  moderate positive linear relationship
0.75<r <1 strong positive linear relationship

These scatterplots show linear relationships of various strengths together with the
corresponding value of Pearson’s product-moment correlation coefficient.

14 .

12 A

CO level

10 A e

T T T T T T T
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Traffic volume
Carbon monoxide level in the atmosphere

and traffic volume: » = 0.985
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30 e
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Testosterone level
Age first convicted and testosterone (a male
hormone) level of a group of prisoners:
r=-—0.814

1104 *

1001

Score

90 1 .

g8 10 12 14 16 18 20
Age 1st word
Score on aptitude test (taken later in life) and
age (in months) when first word spoken:

r = —0.445
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C 700 0 P . 20 °
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m —q.:; “v. -. ..o..' 8 _. ... e N
C >500_ . « ® ..- : ) 10 R '.. . . .
(]) 400 - . . ‘ . .
500 600 700 800 30 40 50
>< Mathematics Age
LIJ Scores on standardised tests of verbal Calf measurement and age of adult males:
and mathematical ability: » = 0.275 r = —0.005

Using technology

Using the TI-Nspire: Using the ClassPad:

1 Ensure the data from Example 23 has 1 Ensure the data from Example 23
been entered into two columns has been entered into list]l and list2.
named age and price. 2 Tap Calc and select Linear Reg.

2 In the Calculator Application, press 3 Set the following:

and enter into the Statistics menu.

Set Calculation
Linear Rea

> HList: i
from the Stat Calculations submenu. — |
3 Set the following: Freq: [T

Copy Formula: [Off [+]f
Copy Residual: [Off ]+]

]
Now select Linear Regression (a + bx)

151D

N

Save Regeqn to

Frequency List:

4

i

</ >

.. i~ Deg Auto Decimal (D]

g
and tap OK.
and press OK. P
I Stat Calculation Ef
]‘Wﬁ RAD APPRX RECT a [ Linear Res I
- T . A 4 y=a.x+b
"Title"  "Linear Regression (a+bx)" s —-1204. 761
"RegEqn " "a+b‘x " E’ :15431'2642
"a" 17417.1428571 r2 =9, 5317847
"B -1204.76190476 e B
2N 831784785157
e 912022360009 T |
I "Ragid" u{_“}»
i
189
Deg Auto Decimal o)
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After the mean and standard deviation, Pearson’s product-moment correlation is one of the
most frequently computed descriptive statistics. It is a powerful tool but it is also easily
misused. The presence of a linear relationship should always be confirmed with a scatterplot
before Pearson’s product-moment correlation is calculated. And, like the mean and the
standard deviation, Pearson’s correlation coefficient, r, is very sensitive to the presence of
outliers in the sample.

1 Use the table of Pearson’s correlation coefficients, r, to classify the following:

a r=020 b r=-0.30 c r=-0.85 d »r=0.33
e r=20.95 f r=-0.75 g r=20.75 h »r=-024
i r=-0.50 j r=20.25 k r=1 I r=-1

2 By comparing the plots given to those on pages 268—269 estimate the value of Pearson’s
correlation coefficient, r.

a y b y
36 - ; . 280 . $
24 - 210 . o’
12 L ¢ o ° 140 i :
150 200 250 300 350 x 120 160 200 240 280 x
c y d y
8_ .
. 80 - .
6 . ® ° °
! | | 60_ . L]
44 AR
. . : 40 A . .’... s
21 201 ¢ o’
0 T T T T T T T T N ¢ ® I | I I
b2 3 4 56 7 8 0 10 20 30 40 x
¢ y . fy
140004 * 2 v, . S . .
120004« 0t e e e 6- e B
10000 e e, 44 N Lt
e o o ° ° o °s ® e
8000 - * ° 0 S S .
T T T T T T T T T T T T T T T T
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3

The amount of a particular pain relief drug given to each patient and the time taken for the
patient to experience relief are shown.

Patient 1 2 3 4 5 6 7 8 9 10
Drug dose (mg) 05 12 40 53 26 3.7 51 1.7 03 4.0
Response time (min) 65 35 15 10 22 16 10 18 70 20

a Determine the value of Pearson’s correlation coefficient.
b Classify the relationship between drug dose and response time according to the table
given.

The proprietor of a hairdressing salon recorded the amount spent on advertising in the local
paper and the business income for each month for a year, with the following results:

Month | Advertising ($) | Business ($) Month | Advertising ($) | Business ($)
1 350 9450 7 350 8060
2 450 10070 8 300 7030
3 400 9380 9 550 11500
4 500 9110 10 600 12 870
5 250 5220 11 550 10560
6 150 3100 12 450 9850

a Determine the value of Pearson’s correlation coefficient.
b Classify the relationship between the amount spent on advertising and business income
according to the table given.

The number of passenger seats on the most commonly used commercial aircraft, and the
airspeeds of these aircraft, in km/h, are shown in the following table:

Number of seats 405 296 288 258 240 230 193 188
Airspeed (km/h) 830 797 774 736 757 765 760 718

Number of seats 148 142 131 122 115 112 103 102
Airspeed (km/h) 683 666 661 378 605 620 576 603

a Determine the value of Pearson’s correlation coefficient.
b Classify the relationship between the number of passenger seats and airspeed according
to the table given.



Chapter 5 — Applied statistical analysis 273

6 The price and age of several second-hand caravans are listed in the table.

1XJ

Age (years) Price ($) Age (years) Price ($)

7 4800 10 8700

7 3900 9 1950 (D
8 4275 9 3300 D)
9 3900 11 1650 (0p]
4 6900 3 9600 -
8 6500 4 8400 O

1 11400 7 6600 D)

a Determine the value of Pearson’s correlation coefficient.
b Classify the relationship between price and age according to the table given.

7 Given are the scores for a group of 12 students who each had two attempts at a test
(out of 70).

Attempt 1 53 56 57 49 44 69 66 40 53 43 68 64
Attempt 2 63 66 67 58 54 70 70 55 63 53 70 70

a Construct a scatterplot of these data, and describe the relationship between scores on
Attempt 1 and Attempt 2.

b Is it appropriate to calculate the value of Pearson’s correlation coefficient for these data?
Give reasons for your answer.

8 This table represents the results of two Student Test 1 Test 2
different tests for a group of students. 1 214 216
a Construct a scatterplot of these data, and ) 281 270
describe the relationship between scores on 3 212 281
Test 1 and Test 2. 4 324 326
b Is it appropriate to calculate the value of 5 240 243
Pearson’s correlation coefficient for these 6 208 213
data? Give reasons for your answer. 7 303 311
¢ Determine the values of the g-correlation I 278 290
coefficient and Pearson’s correlation 9 311 320

coefficient, r.
d Classify the relationship between Test 1 and Test 2, using both the g-correlation
coefficient and Pearson’s correlation coefficient, 7, and compare.
e It turns out that when the data were entered into the student records, the result for
Test 2, Student 9 was entered as 32 instead of 320.
i Re-calculate the values of the g-correlation coefficient and Pearson’s correlation
coefficient, », with this new data value.
ii Compare these values with the ones calculated in part c.
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Extension: Lines on scatterplots
If a linear relationship exists between two variables it is possible to predict the value of the
dependent variable from the value of the independent variable. The stronger the relationship
between the two variables the better the prediction that is made. To make the prediction it is
necessary to determine an equation that relates the variables and this is achieved by fitting a
line to the data. Fitting a line to data is often referred to as regression, which comes from a
Latin word regressum that means ‘moved back’.

The simplest equation relating two variables x and y is a linear equation of the form

y=a+bx

where a and b are constants. This is similar to the general equation of a straight line, where a
represents the coordinate of the point where the line crosses the y-axis (the y-axis intercept),
and b represents the slope of the line. In order to summarise any particular (x, y) data set,
numerical values for a and b are needed that will make the line pass close to the data. There are
several ways in which the values of @ and b can be found, of which the simplest is to find the
straight line by placing a ruler on the scatter diagram and drawing a line by eye that appears to
follow the general trend of the data.

Example 24

The table below gives the gold medal winning distance, in metres, for the men’s long jump for
the Olympic games for the years 1896 to 1996. (Some years were missing owing to the two

world wars.)
Find a straight line that fits the general trend of the data, and use it to predict the winning

distance in the year 2008.

Year 1896/1900|1904|1908|1912]1920|1924|1928|1932|1936|1948|1952|1956
Distance (m) | 6.35|7.197.34|7.49|7.59|7.16|7.44|7.75|7.65|8.05|7.82|7.57 | 7.82
Year 1960|1964|1968|1972|1976|1980|1984|1988(1992|1996|2000 2004
Distance (m) | 8.13 | 8.08 [ 8.92 | 8.26 | 8.36 | 8.53 | 8.53 | 8.72| 8.67 | 8.50 | 8.55 | 8.59
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Solution

S D
(e W (e
M S |

N X
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AN A

Distance (m)

SN
S W
[N

19IOO 19|20 19I40 19|60 19I80 2()IOO
Year
Note that this scatterplot does not start at the origin. Since the values of the
coordinates that are of interest on both axes are a long way from zero, it is sensible to
plot the graph for that range of values only. In fact, any values before 1896 on the
horizontal axis are meaningless in this context.

The line shown on the scatterplot is only one of many that could be drawn. To
enable the line to be used for prediction it is necessary to find its equation. To do this,
first determine the coordinates of any two points through which it passes on the
scatterplot. Appropriate points are (1932, 7.65) and (1976, 8.36). The equation of the
straight line is then found by substituting the formula that gives the equation for a
straight line between two points.

m— 2=V
X2 — X1
_ 8.36—7.65
1976 — 1932

0.71
=~ ~0.016
44

Y=y =m(x —xi)
y —17.65=0.016(x — 1932)
y =0.016x —23.26
or distance = —23.26 + 0.016 x year

The intercept for this equation is —23.26 m. In theory, this is the winning distance
for the year 0! In practice, there is no meaningful interpretation for the y-axis intercept
in this situation. But the same cannot be said about the slope. A slope of 0.016 means
that, on average, the gold medal winning distance increases by about 1.6 cm at each
successive games.

Using this equation the gold medal winning distance for the long jump in 2008
would be predicted as

y=—-23.26+0.016 x 2008 ~ 8.87 m

1XJ

UoISuUo
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Obviously, attempting to project too far into the future may give us answers that are not
sensible. When using an equation for prediction, derived from data, it is sensible to use values
of the explanatory variable that are within a reasonable range of the data. The relationship
between the variables may not be linear if we move too far from the known values.

-

This table gives the alcohol consumption per head (in litres) and the hospital admission rate to
each of the regions of Victoria in 1994-95.
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Per capita Hospital

consumption admissions per

Region (litres of alcohol) | 1000 residents
Loddon—Mallee 9.0 42.0
Grampians 8.4 44.7
Barwon 8.7 38.6
Gippsland 9.1 44.7
Hume 10.0 41.0
Western Metropolitan 9.0 40.4
Northern Metropolitan 6.7 36.2
Eastern Metropolitan 6.2 323
Southern Metropolitan 8.1 43.0

Find a straight line that fits the general trend of the data, and interpret the intercept and slope.

Solution

45.0 1

40.0

Admissions

0 6.0 7.0 8.0 9.0 10.0

Alcohol consumption
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One possible line passes through the points (7, 36) and (9, 42).

1XJ

Thus m=y2_yl
X2 — X1
4236 M
97 S
6
y—36=3(x—-7) 3

y=3x+15
or admission rate = 15 4 3 x alcohol consumption

The intercept for this equation is 15, implying that we predict a hospital admission
rate would be 15 per 1000 residents for a region with 0 alcohol consumption.
Although this is interpretable, it would be a brave prediction, as it is well out of the
range of the data. A slope of 3 means that, on average, the admission rate rises by
3 per 1000 residents for each additional litre of alcohol consumed per capita.

Emrmaa| 1 Plot the following set of data points on graph paper:

X 0 1 2 3 4 5 6 7 8
y 1 3 6 7 7 11 13 18 17

Draw a straight line that fits the data by eye, and find an equation for this line.

2 Plot the following set of points on graph paper:

X -3 =2 =l 0 1 2 3 4
y 5 2 0 —6 =7 —11 —13 —20

Draw a straight line that fits the data by eye, and find an equation for this line.
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C 3 The numbers of burglaries during two successive years for various districts in one State are
given in the table.

. 9 a Make a scatterplot of the data. District | Year I (x) | Year 2 ()
()] b Find the equation of a straight line that A 3233 2709
C relates the two variables. B 2363 2208
q) ¢ Describe the trend in burglaries in this State. C 4591 3685

- D 4317 4038
X E 2474 2792

Lu F 3679 3292

G 5016 4402
H 6234 5147
I 6350 5555
J 4072 4004
K 2137 1980

4 The data below give a girl’s height (in cm) between the ages of 36 months and
60 months.
Age (x) 36 40 44 52 56 60
Height (y) 84 87 90 92 94 96
Make a scatterplot of the data.

Find the equation of a straight line that relates the two variables.

Interpret the intercept and slope, if appropriate.

e e T o

Use your equation to estimate the girl’s height at age:
i 42 months ii 18 years
e How reliable are your answers to part d?

5 The following table gives the adult heights (in cm) of ten pairs of mothers and daughters:

Mother (x) 170 163 157 165 175 160 164 168 152 173
Daughter () 178 175 165 173 168 152 163 168 160 178

a Make a scatterplot of the data.
b Find the equation of a straight line that relates the two variables.
¢ Estimate the adult height of a girl whose mother is 170 cm tall.

6 The manager of a company that manufactures MP3 players keeps a weekly record of the
cost of running the business and the number of units produced. The figures for a period of
eight weeks are shown in the table.

Number of MP3 players produced (x) | 100 160 80 100 220 150 170 200
Cost in $000s () 25 33 24 26 41 3.1 35 38

a Make a scatterplot of the data.
b Find the equation of a straight line that relates the two variables.
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¢ What is the manufacturer’s fixed cost for operating the business each week?
d What is the cost of production of each unit, over and above this fixed operating cost?

1XJ

7 The amount of a particular pain relief drug given to each patient and the time taken for the

patient to experience pain relief are shown.

Patient 1 2 3 4 S5 6 7 8 9 10
Drug dose (mg) 05 12 40 53 26 37 51 1.7 03 4.0
Response time (min) 65 35 15 10 22 16 10 18 70 20

0
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a Find the equation of a straight line that relates the two variables.

b Interpret the intercept and slope if appropriate.

¢ Use your equation to predict the time taken for the patient to experience pain relief if
6 mg of the drug is given. Is this answer realistic?

8 The proprietor of a hairdressing salon recorded | Month Advertising ($) | Business ($)
the amount spent on advertising in the local 1 350 9450
paper and the business income for each 9 450 10070
month for a year, with the results shown. 3 400 9380
a Find the equation of a straight line 4 500 9110

that relates the two variables. 5 250 5220
b Interpret the intercept and slope, if 6 150 3100
appropriate. 7 350 8060
¢ Use your equation to predict the business 8 300 7030
income that would be attracted if the 9 550 11500
proprietor of the salon spent the following 10 600 12 870
amounts on advertising: 11 550 10560
i $1000 ii $0 12 450 9850

5.14 Extension: The least squares regression line
Fitting a line to a scatterplot by eye is not generally the best way of modelling a relationship.
What is required is a method that uses a more objective criterion. A simple method is to
divide the data set into two halves on the basis of the median x value, and to fit a line that
passes through the mean x and y values of the lower half, and the mean x and y values of the
upper half. This is called the two-mean line but, although easy to determine, it is not very
widely used. The most common procedure is the method of least squares. The least squares
regression line is the line for which the sum of squares of the vertical deviations from the
data to the line (as indicated in the diagram) is a minimum. These deviations are called the
residuals.
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Consider the line y = a + bx.
We would like to find a and b such that the sum of the residuals is zero. That is,

Y i—a—bx)=0 §))
i=1
and the sum of the residuals squared is as small as possible. That is,

Z(yl- — a — bx;)? is a minimum (2)

i=1

We will use the symbol S to denote Z(yi —a — bx;)’.

i=1

From equation 1, Z(yi —a—>bx;))=0 (expand)
i=1
Zyi—na—beizo (= n)
i=1 i=1
y—a—bx=0
a=y—bx 3)

Substituting this relationship into equation 2:

§=3 i — (G — b) — b
i=1

=Y [ — ) — blx; — O
i=1

= 310 — 5 = 2b(r = D) — §) + bAxi — 5]
i=1

This can be thought of as a quadratic expression in b.
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In order to find the value of b that minimises S, we will differentiate with respect to » and set
the derivative equal to zero. (See Chapter 9 for differentiation.)

1XJ

das ‘ _ i} - _
- =2 ;(x,- — By — §)+2b ;m — &y 0]
= D)
Y i =i — F) o
Simplifying gives b = = - “4) O
Z(Xi — i) 3

i=1

Equations 3 and 4 can then be used to calculate the least squares estimates of the y-axis
intercept and the slope.

Using technology
The values of the intercept and slope and the value of the Pearson product-moment correlation
coefficient, r, can be determined at the same time.

Using the TI-Nspire: Using the ClassPad:
Once the data has been entered into two Once the data has been entered into list1
named columns, select Linear and list2, select Linear Reg from the
Regression (a + bx) from the Statistics Calc menu and ensure XList is set to
menu in the calculator application. listl and YList is set to list2.
Fﬁ T e i I Stat Calculation Edf
= — : Epp— Linear Reg
"Title"  "Linear Regression (a+bx)" | [] i M A TR
"RegEqn" PR L ;154%}’;%3%
gl 17417.1428571 g V4 1L
p" -1204.76190476 =948336.99
i 831784785157
pll ~.912022360009
| lIResidll II{’"}II ]

2

Deg Auto Decimal i)

After the equation of the least squares line has been determined, we can interpret the
intercept and slope in terms of the problem at hand, and use the equation to make predictions.
The method of least squares is also sensitive to any outliers in the data.
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Example 26

Queensland Mathematics B Year 11

Consider again the gold medal winning distance, in metres, for the men’s long jump for

the Olympic games for the years 1896 to 2004.

Find the equation of the least squares regression line for these data, and use it to predict

the winning distance for the year 2008.

Year

Distance (m)

1896
6.35

1900
7.19

1904
7.34

1908
7.49

1920
7.16

1924
7.44

1928
7.75

1912
7.59

1932
7.65

1936|1948|1952
8.05]7.82|7.57

1956
7.82

Year

Distance (m)

1960
8.13

1964
8.08

1968
8.92

1972
8.26

1980
8.53

1984
8.53

1988
8.72

1976
8.36

1992

1996|2000|2004

8.67|8.50|8.55(8.59

Solution

Using a calculator or computer, the equation is found to be

Distance = —23.87 + 0.0163 x year
Distance = —23.87 + 0.0163 x 2008 ~ 8.86 m

The predicted distance for the year 2008 is approximately 8.86 m.

[

Consider again the data from Example 25, which related alcohol consumption per head (in

litres) and the hospital admission rate to each of the regions of Victoria in 1994-95.

Find the equation of the least squares regression line that fits these data.

Per capita consumption | Hospital admissions
Region (litres of alcohol) per 1000 residents
Loddon—Mallee 9.0 42.0
Grampians 8.4 44.7
Barwon 8.7 38.6
Gippsland 9.1 44.7
Hume 10.0 41.0
Western Metropolitan 9.0 40.4
Northern Metropolitan 6.7 36.2
Eastern Metropolitan 6.2 323
Southern Metropolitan 8.1 43.0

Solution

Using a calculator or computer, the equation is found to be

Admissions = 19.9 + 2.45 x alcohol




Chapter 5 — Applied statistical analysis 283

Correlation and causation
The existence of even a strong linear relationship between two variables is not, in itself,

1XJ

sufficient to imply that altering one variable causes a change in the other. It implies only that
this might be the explanation. It may be that both the measured variables are affected by a third
and different variable. For example, if data about crime rates and unemployment in a range of
cities were gathered, a high correlation would be found. But could it be inferred that high

unemployment causes a high crime rate? The explanation could be that both of these variables
are dependent on other factors, such as home circumstances, peer group pressure, level of
education or economic conditions, all of which may be related to both unemployment and

0
)
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O
5

crime rates. These two variables may vary together, without one being the direct cause of the
other.

Exercise Ei'

1 The following data give a girl’s height (in cm) between the ages of 36 months and
60 months:

Age (x) 36 40 44 52 56 60

Height () 84 87 90 92 94 96

a Using the method of least squares, find the equation of a straight line that relates the
two variables.

b Interpret the intercept and slope, if appropriate.
Use your equation to estimate the girl’s height at age:
i 42 months ii 18 years

d How reliable are your answers to part ¢?

2 The number of burglaries during two D Year 1 (x) Year 2 (y)
successive years for various districts in A 3233 2709
one State are given in the table. B 2363 2208

Using the method of least squares, find C 4591 3685
the equation of a straight line that D 4317 4038
relates the two variables. E 2474 2792

F 3679 3292
G 5016 4402
H 6234 5147
I 6350 5555
J 4072 4004
K 2137 1980

3 The following table gives the adult heights (in cm) of ten pairs of mothers and daughters:

Mother (x) | 170 163 157 165 175 160 164 168 152 173
Daughter (y) | 178 175 165 173 168 152 163 168 160 178
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a Using the method of least squares, find the equation of a straight line that relates the
two variables.

b Interpret the slope in this context.
Estimate the adult height of a girl whose mother is 170 cm tall.

4 The manager of a company that manufactures MP3 players keeps a weekly record of the
cost of running the business and the number of units produced. The figures for a period of

eight weeks are:

Number of MP3 players produced (x) | 100 160 80 100 220 150 170 200
Cost in $000s () 25 33 24 26 41 3.1 35 38
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a Using the method of least squares, find the equation of a straight line that relates the
two variables.

b What is the manufacture’s fixed cost for operating the business each week?
What is the cost of production of each unit, over and above this fixed operating cost?

5 The amount of a particular pain relief drug given to each patient and the time taken for the
patient to experience pain relief are shown.

Patient 1 2 3 4 5 6 7 8 9 10
Drug dose (mg) 05 12 40 53 26 3.7 51 17 03 4.0
Response time (min) | 65 35 15 10 22 16 10 18 70 20

a Using the method of least squares, find the equation of a straight line that relates the
two variables.

b Interpret the intercept and slope if appropriate.
Use your equation to predict the time taken for the patient to experience pain relief if
6 mg of the drug is given. Is this answer realistic?

6 The proprietor of a hairdressing salon Month | Advertising ($) | Business ($)
recorded the amount spent on advertising 1 350 9450
in the local paper and the business income 2 450 10070
for each month for a year, with the 3 400 9380
results shown. 4 500 9110
a Using the method of least squares, find 5 250 5220

the equation of a straight line that 6 150 3100
relates the two variables. 7 350 8060
b Interpret the intercept and slope, if 8 300 7030
appropriate. 9 550 11500
¢ Use your equation to predict the volume 10 600 12870
that would be attracted if the proprietor 11 550 10560
of the salon spent the following amounts 12 450 9850

on advertising:

i $1000 ii $0
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Example 28

In Victoria, Canada, in 1994, Kieren Perkins swam a world record time for the 1500 m

1XJ

Freestyle. The 100 m split times are shown below. (D
End of lap Split (min sec) :)
100 52.9725 (£ .
200 112.1725 O
300 171.3725
400 230.5725 3
500 289.7725
600 348.9725
700 408.1725
800 467.3725
900 526.5725
1000 585.7725
1100 644.9725
1200 704.1725
1300 763.3725
1400 822.5725
1500 881.7725

Use Excel to create a mathematical model of Kieren Perkins’ 1500 m swim. Use this model
to predict his times for the half nautical mile and the nautical mile.

Solution

Kieren Perkins’ 1500 m swim, 1994
1000 y=0.592x — 6.2275

i .
800

600 // + Time (s)

400 / —— Linear (time (s))
200

—

0 400 800 1200 1600

Distance (in metres)

Time (in seconds)
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The equation given by Excel is y = 0.592x — 6.2275. This means that t = 0.592d — 6.2275.
There are 1852 m in a nautical mile. Therefore, there are 926 m in half a nautical mile.

d = 926, t = 0.592(926) — 6.2275
~ 541.96 seconds
= 9 minutes 1.96 seconds

*. He would have taken 9 minutes 1.96 seconds to swim half a nautical mile.

d = 1852, t =0.592(1852) — 6.2275
~ 1090.16 seconds
= 18 minutes 10.16 seconds
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*. He would have taken 18 minutes 10.16 seconds to swim a nautical mile.

The prediction for the half nautical mile time is reasonable because it is an interpolation of
the data and the 72 value is approximately 1. The prediction for the nautical mile time is not as
reliable. It is an extrapolation of the data and is based on the assumption that Perkins could
have continued to swim at the same rate for a further 352 m, although he may not have been
able to.

On the use of Excel

E Microsoft Excel - Keiran Perking. xls

“g?_nmuwr-nwmismmm - T
o -m-:zn::iﬁ:m-gaﬂtﬂr.,
E1d = A&
D SSESS F 6 | H | ¥ | K | L M | N
1| time (s)
2| BABl| 52975
31 11291 1121725 Kieren Perkins’ 1500 m swim, 1994
4| 17148 171375
5| 203 20575 y=0.592x — 6.2275
B | 28904 2697725 10003
7| MB51| MBI _ =
V8| vz amirs | g 5% /
9| 4BED0| 4673725 S 600 :
10| 52520 56575 b} / + Time (s)
11| 58454) 5857715 £ 400 - —Linear (time (s))
12] 64463 B44 575 o
13| 70450 7041735 £ 200
14| 7B4.70 TBIFTS
16| B20.44) 6225725 0 : . '
16| 83166 8817725 0 400 800 1200 1600
7
I-:_E] :1 Distance (in metres)
19] -
W 4 » W)\ Sheetl/Sheatd [ Sheeta [ | # |
Praady

To produce a scatter plot using Excel, select XY (Scatter) from the Chart Type window.
In the Source Data window select the Y values only as the Data range and then go to the
Series page.
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In the Series page complete the Name and X Values boxes. (If you want to include more
than one graph then Add the other Series at this point.)

Source Data

DataRange  Series |

3

Add |R_ﬂmve|

Tims (2]
Leleld]
300 =
&OQ '_"l
T -+
&0 i
0 = [T
300 —
200 —
&
==
o 200 40D 600 SO0 W00 1200 00 600
Sernes
| Mame:  [=Sheet1igcé 7|
XValues:  |=Sheet1i$a$2:$A$16 EY|

;_] ¥ Values:

|=Sheet11§Ct2:$CH16

Cancel cgack [ met> |  gish |
Kieren Perkins, 1500 m swim, 1994
1000
— .
2 800 —
5 o *
8 600 L4 -
@ ¢ +Time (s)
£ 400 +
.

£ 200 o
'_

0+—2— . . . : :

0 200 400 600 800 1000 1200 1400 1600

Distance (in meters)

1XJ

0
)
2
O
5
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To draw a line (or curve) of best fit on an Excel graph, right-click on a data point on the
graph and select Add Trendline.

Then select the Trend/Regression type required. In this case, Linear.

Now go to Options and tick Display equation on chart and Display R-squared value on
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chart.

Add Trendline fz”g|

[ Type || options |
Trend/Ragrassion type
B s
[resar Logarithmic Polyromial
Poweer Exponential Moving average

Based on series:
=

ITI Cancel I

Format Trendline

X

Patterns | Type | Options

Trendline name
(®) Automatic:  Linear (time (s))

'[:}':Lustcum:
Forecast
Forward: [0 (S| Unks
Backward: [D < Units

[[] set intercept = 0
Display equation on chart
[+] | Display R-squared vabue on chart]
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When asked to make a prediction:

B Create a mathematical model for the data and use it to make the prediction.

B Calculate a correlation coefficient for the data.

B Conclude with a paragraph discussing the reliability of your prediction. Ensure
you include a discussion about your correlation coefficient in this paragraph.

515 Modelling and problem solving

MAPg

50

1 On arecent test, the mean score of eight girls in class Year 11A was 74.5% and the mean
score of the ten boys was 71.2%. Find the mean score of the whole class on the test.

Use the graphs shown to answer questions 2—6.

Value of a $10000 investment in Suncorp Growth Fund as at 31 December 2005

$26000

$24 000
$22000 /V
$20000 /'\/
$18000 /
$16000 mf\,/
$14000 W‘/J
$12000 /I /‘,\/
/J

$10000
$8000 T T T T T T T T T T T T
£ £ & g & 3 g =z 3 2 g 3 3 3
s 2 i £ 2 & & 2 1 & & 2 2 &
——— Suncorp Growth Fund
Source: www.suncorp.com.au
Value of a $10000 investment in Suncorp Cash Fund as at 31 December 2005
$12000
1

$11800

$11600 /
$11400 /

$11200 /

$11000 /

$10800 /

$10600 /

$10400 /

$10200 /

$10000

B B e BB I B e e e e e e e e e B B e s p e e e e e e e B S B L
[ o QA [salsal e} [sallsa] [salise} <t =X < w0 v wv w O v
£8€8€288523823838382323338335533332333588833828838858388
e Me 5 o2 o9 EESESm 0L g 20 ExEm Me B o290 EE e S e 5 20
52 8 2832 RG] 25 52 & 5332 £8 & £E ERERE] 2828258 S E 25 53 5 =358
ST B ZASREIEST IGO0 ZAS RIS T I20zRASREIE ST L 302A

—— Suncorp Cash Fund

Source: Www.suncorp.com.au
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2 If you invest money in the Suncorp Growth Fund in February 1996, how long does it take
to double your money?

3 A sum of $20 000 is invested in the Suncorp Growth Fund in February 1996. What is the
value of this investment in October 20007

4 A sum of $10 000 is invested in the Suncorp Growth Fund in October 2000. What is the
value of this investment in November 2004?

5 An investor puts $5000 in the Suncorp Cash Fund and $12 000 in the Suncorp Growth
Fund in February 2003. What is the total value of their investment in November 2004?

6 What is the average annual growth rate over the life of the Suncorp Growth Fund?

7 1Ina Year 11 Maths B class at an all-boys school in Brisbane, the students measure the
heights of all of the students in their class. What method should they use to answer each
of these questions and how precisely can they answer them?

What is the standard deviation of heights of students in that class?

What is the average height of Year 11 students in that school?

What is the standard deviation of heights of Year 11 students in that school?
What is the average height of Year 11 students in Queensland?

e e T o

2 2
_ nXxt—(Xx) -
The formula o, = 5 is used by Excel to calculate the standard deviation of
n

a set of data. Use this formula to answer questions 8—10.

8 Show that the formula above gives the correct value of o, for the data set {2, 2, 4, 5, 6}.

V21
9 The mean of a set of four scores is 4.5 and the standard deviation is — Evaluate ¥x2
for this data set.

10 Show that the formula above and the one stated earlier in this chapter both lead to the
same value of g, for the data set {a, b, c}.

11 The heights, in centimetres, of Year 11A and B students are shown below.

Year 114 176 180 182 175 187 181 170 175 176 181 172 183
180 181 173 180 163 165 168 179 171 182 190

Year 11B 173 172 172 185 171 179 176 190 181 192 175 160
182 180 179 183 174 171 178

Compare the heights of the two classes.
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In a small company, upper management wants to know if there is a difference in the three
methods used to train its machine operators and, if so, which is more effective in training
its staff. One method uses a hands-on approach. A second method uses a combination of
classroom instruction and on-the-job training. The third method is based completely on
classroom training. Fifteen trainees are assigned to each training technique.

The following data are the results of a practical test undertaken by the machine
operators after completion of one of the different training methods.

Method 1 Method 2 Method 3
98 79 70
100 62 74
89 61 60
90 89 72
81 69 65
85 99 49
97 87 71
95 62 75
87 65 55
70 88 65
69 98 70
75 79 59
91 73 77
92 96 67
93 83 80

Report to upper management on the differences in performance arising from the three
methods and advise them on which method is more effective in training its staff.

It has been argued that there is a relationship between a child’s level of independence and
the order in which they were born in the family. Suppose that the children in thirteen
three-children families are rated on a 50-point scale of independence. This is done when
all children are adults, thus eliminating age effects. The results are presented.

Family 1 2 3 4 5 6 7 8 9 10 11 12 13
First-born | 38 45 30 29 34 19 35 40 25 50 44 36 26
Second-born | 9 40 24 16 16 21 34 29 22 29 20 19 18
Third-born | 12 12 12 25 9 11 20 12 10 20 16 13 10

Compare the independence scores of first-, second- and third-born children.



292 Queensland Mathematics B Year 11

14 To investigate the relationship between marks on an assignment and the final examination
mark a sample of 10 students was taken. The table indicates the marks for the assignment

15

and the final exam mark for each individual student.

a The school principal said, ‘Good final
exam marks are the result of good
assignment marks.” Do the results given
bear this out?

b Predict the final exam mark for a
student who scored 50 on the assignment.

Assignment mark | Final exam mark
(max = 80) (max = 90)
80 83
77 83
71 79
78 75
65 68
80 84
68 71
64 69
50 66
66 58

A marketing firm wanted to investigate the relationship between airplay and CD sales (in

the following week) of newly released songs. Data were collected on a random sample of

ten songs.

Predict the weekly sales for a song that
was played 60 times.

No. of times the | Weekly sales

song was played | ofthe CD
47 3950
34 2500
40 3700
34 2800
33 2900
50 3750
28 2300
53 4400
25 2200
46 3400
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Using technology

How to construct a scatterplot
Using the TI-Nspire:

1 Enter the Test 1 scores into a column called t1.
2 Enter the Test 2 scores into a column called t2.

12 RAD APPRX RECT @
1 (Bl ol
5t 6.
12l w2l T
15 13.
s 17

B10 |
3 Highlight both columns, press @en), then
select Quick Graph from the Data submenu.

2] RAD APPRX RECT "]

1 2 s 204 o

18] 20. 1l e
@
12 11 {1 X
g | @

6| o

8. B. = .':®|?|"'l" T
— 6 10 14 18

rA.B [ | t

(The default graph for two data sets is a
scatterplot, thus there is no need to change

the plot type.)

Using the ClassPad:
1 Enter the Test 1 scores into listl.
2 Enter the Test 2 scores into list2.

¥ Edit Calc SetGraph

Gl o D)

listl |listz |liste |~

1 18 12
2 18 28
3 13 11
4 6 9
S 8 )
6 ] 3
7 12 12
8 15 13
9 15 12

;? ||

12

13

14

15

16

— T
L 16]=I |

Deg Auto Decimal i

3 To ensure a scatterplot is drawn,
tap SetGraph then tap on
Setting. . . and set the following:

ap b §

| |1|2]3|4]5I6]7]8]9|

Draw: ®0n OOff

| Type: Scatter
HList:
Ylist:
Freq:
Mark: [square [~

Set |Cancel |
16

Calr v
4

L 19]' |

Dea Auto Decimal

Tap to save the changes.
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4 For a full-screen view of the scatterplot, 4 To see the scatterplot, tap [
press: G, (), @), (K), G, (o), 5 Tap fefg for a full-screen view of
(), (). Scroll to Page Layout —> Select the scatterplot.

Layout — 1. Layout 1.

|V Zoom HAnalysis Calc 4 El—l
2] RAD APPRX RECT "] (B8] I el (RS M Rl
204 (@) 35
]
14 4
[}
o o0 @ °
k 19
gl © 3 o og
o
© @ o o
| L ST T [L AT [ (T ey fTTE ) e
4 6 & 10 1:_il2 14 16 18
=9
| IE",
o |
How to calculate the correlation coefficient, r
Using the TI-Nspire: Using the ClassPad:
1 Enter the x values into a column called x. 1 Enter the x values into list1.
2 Enter the y values into a column called y. 2 Enter the y values into list2.
1.2 RAD APPRX RECT i | N Edit Calc SetGraph
7 y A =
listl  [listz [lists |~
1
£ I I I A T 3
s| 7 2
af 2f | | | ;
2 3
10|
Ik . . |l & 11
. 12
585 | 13
14
3 Highlight both columns, press ), and 1z
navigate to Linear Regression (a + bx) Eal%
from the Statistics menu. [ 8]
Dea Auto Decimal [}




4 Set the following and then press OK.

| Linear Regression (a+bx)
X List: | a[) <v|a
¥ List: | b)) vl.
S J

Category List: |

v

RAD APPRX RECT

=LinRegBx(a

a+b*x
4

1.15
696052631

834297687...

D6 | =.83429768762651
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3 Select Linear Reg from the Calc

menu, set the following, then tap
OK.

Set Calculation
Linear Reg

q Hlist:
| viist:

Cancel

Freq: [T T~]|
Copy Formula: [Off T+]}
Copy Residual:

Dega Auto Decimal [}

How to determine the equation of a least squares regression

Using the TI-Nspire:

1 Enter the height values into a column

called h.

Using the ClassPad:
1 Enter the height values into list1.
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2 Enter the weight values into a column 2 Enter the weight values into list2.

called w.

¥ Edit Calc SetGraph

Gl o [T

listl [list2 [list3 [a

RAD APPRX RECT

n'}ll [ )]

It et Bt it et ot
(O L B G D == (A0 00 = O L 5 G0 ) s

B12 |
3 Highlight both columns, press @em), and

navigate to Linear Regression (a + bx) [ 1231=
from the Statistics menu. Dea Auto Decimal m
4  Set the following and then press OK. 3 Select Linear Reg from the Calc

| Linear Regression (a+bx) menu, set the following, then tap OK.

B3

Set Calculation
E Linear Reg

Klist:  [EEI Gy
Save RegEqn to: | 01 <l | viist:

. : Freq: [ 7]
quency List: | f] off 151}

o Copy Formula: :
c,at_eg_qry'Li_st;_[ V_lv__ Copy Residual:

RAD APPRX RECT

T
=LinRegBx(a
| 182 75|RegEan [atb
167.| 62.]a 84.823162... Dea Auto Decimal i)
178.| €3.b -867290026...
173, 64|z 722787258.. | Linear Res
124 74 850168958 j eanictb
T (A
D6 | =.85016895887393 b mas:80916
r2 =8.7227872

MSe =17.7640816

16 |
Cal»
0=
[ 121=

Dea Auto Decimal i)
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Chapter summary

Variables may be classified as categorical or numerical. Numerical data may be discrete
or continuous. Categorial data may be nominal or ordinal.
Examination of a data set should always begin with a visual display.
A sector graph is an appropriate visual display for nominal data.
A bar chart is the appropriate visual display for ordinal data.
When a data set is small, a stem-and-leaf plot is the most appropriate visual display for
numerical data.
When a data set is larger, a histogram, frequency polygon or boxplot is a more
appropriate visual display for numerical data.
Cumulative frequency distributions and cumulative relative frequency distributions are
useful for answering questions about the number or proportion of data values greater than
or less than a particular value. These are graphically represented in cumulative frequency
polygons or cumulative relative frequency polygons.
From a stem-and-leaf plot, histogram or boxplot, insight can be gained into the shape,
centre and spread of the distribution, and whether or not there are any outliers.
An outlier is a value that sits away from the main body of the data in a plot. It is formally
defined as a value more than 1.5 IQR below Q;, or more than 1.5 IQR above Qs.
For numerical data it is also very useful to calculate some summary statistics.

n
The mean is defined as X = l Z x; and is an unbiased estimate of the mean of the

n
i=1
underlying population.

To compute the median:
e Arrange all the observations in ascending order, according to size.

1
e Calculate nt

1 1
nt th place. If nt

e Count along the ordered row to the is a whole number then you

1
have the median. If nt

is not a whole number, then the counting will finish between

two numbers. Average them to find the median.
The mode is the most common observation in a group of data.
To find the interquartile range of a distribution:
* Arrange all observations in order, according to size.
* Divide the observations into two equal-sized groups. If n, the number of
observations, is odd, then the median is omitted from both groups.
e Locate (), the first quartile, which is the median of the lower half of the
observations, and O3, the third quartile, which is the median of the upper half of the
observations.
* The interquartile range (IQR) is defined as the difference between the quartiles. That is,

IQR = 05— 0Oy
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Use o,,, the population standard deviation, when data of the entire population is known.
n
Op = % Z (x[ - f)z
i=1
Use 0,1, the sample standard deviation, when the data is a sample taken from a larger

population and an unbiased estimate of the standard deviation of the underlying population
is being made.

(x; — %)

NE

1
On—1= 70

i=1

The five-figure summary of a set of data consists of the: minimum, Q;, median, Q3 and

the maximum. A boxplot is a diagrammatic representation of this; for example:

L |
min median
0, 0, max

When the data set is symmetrical any of the summary statistics are appropriate.

When the data set is not symmetrical or when there are outliers the median and the
interquartile range are the preferred summary statistics.

In general, 95% of the values of the data set will fall within two standard deviations of the
mean.

When comparing the distribution of two or more data sets the comparison should be made
in terms of the shape, centre, spread and outliers for each distribution.

Bivariate data arises when measurements on two variables are collected for each subject.
A scatterplot is an appropriate visual display of bivariate data if both of the variables are
numerical.

A scatterplot of the data should always be constructed to assist in the identification of
outliers and illustrate the association (positive, negative or none).

Two variables are positively associated when larger values of y are associated with larger
values of x. Two variables are negatively associated when larger values of y are associated
with smaller values of x. There is no association between two variables when the values of
y are not related to the values of x.

When constructing the scatterplot, the independent or explanatory variable is plotted on the
horizontal (x) axis, and the dependent or response variable is plotted on the vertical (y) axis.
If a linear relationship is indicated by the scatterplot a measure of its strength can be found
by calculating the g-correlation coefficient, or Pearson’s product-moment correlation
coefficient, 7.
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B [fthe values on a scatterplot are divided by lines representing the median of x and the
median of y into four quadrants 4, B, C and D, with a, b, ¢, d representing the number of
points in each quadrant, respectively, then the g-correlation coefficient is given by

(a+c)—(b+4d
T atbtc+d

B Pearson’s product-moment correlation, 7, is a measure of strength of linear relationship

between two variables, x and y. If we have n observations then for this set of observations

1 " x,-—)? yl—)_/
r_n—1;< Sy )( sy )

where X and s, are the mean and standard deviation of the x scores and y and s, are the

mean and standard deviation of the y scores.
B For these correlation coefficients
-l=g=1
-1 <r<li
with values close to -1 indicating strong correlation, and those close to 0 indicating little
correlation.

B [f a linear relationship is indicated from the scatterplot a straight line may be fitted to the
data, either ‘by eye’ or using the least squares regression method.

B The least squares regression l